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ABSTRACT We consider the problem of inferring the conditional independence graph (CIG) of
high-dimensional Gaussian vectors from multi-attribute data. Most existing methods for graph estimation
are based on single-attribute models where one associates a scalar random variable with each node. In multi-
attribute graphical models, each node represents a random vector. In this paper we provide a unified
theoretical analysis of multi-attribute graph learning using a penalized log-likelihood objective function.
We consider both convex (sparse-group lasso) and sparse-group non-convex (log-sum and smoothly clipped
absolute deviation (SCAD) penalties) penalty/regularization functions. An alternating direction method of
multipliers (ADMM) approach coupled with local linear approximation to non-convex penalties is presented
for optimization of the objective function. For non-convex penalties, theoretical analysis establishing local
consistency in support recovery, local convexity and precision matrix estimation in high-dimensional
settings is provided under two sets of sufficient conditions: with and without some irrepresentability
conditions. We illustrate our approaches using both synthetic and real-data numerical examples. In the
synthetic data examples the sparse-group log-sum penalized objective function significantly outperformed
the lasso penalized as well as SCAD penalized objective functions with F1-score and Hamming distance as
performance metrics.

INDEX TERMS Graph learning, inverse covariance estimation, undirected graph, sparse-group lasso, multi-
attribute graphs, sparse-group log-sum and SCAD penalties.

I. INTRODUCTION
Graphical models provide a powerful tool for analyzing
multivariate data [1], [2]. In an undirected graphical model,
the conditional dependency structure among p random
variables x1, x2, · · · , xp, (x = [x1 x2 · · · xp]⊤),
is represented using an undirected graph G = (V , E), where
V = {1, 2, · · · , p} = [p] is the set of p nodes corresponding
to the p random variables xi’s, and E ⊆ [p]× [p] is the set of
undirected edges describing conditional dependencies among
xi’s. The graph G is a conditional independence graph (CIG)
where there is no edge between nodes i and j if and only if (iff)
xi and xj are conditionally independent given the remaining
p-2 variables.

The associate editor coordinating the review of this manuscript and

approving it for publication was Sangsoon Lim .

Gaussian graphical models (GGMs) are CIGs where x
is multivariate Gaussian. Suppose x has positive-definite
covariance matrix 6 with inverse covariance matrix � =

6−1. Then �ij, the (i, j)-th element of �, is zero iff xi and xj
are conditionally independent. Given n samples of x, in high-
dimensional settings, one estimates � under some sparsity
constraints; see, e.g., [3], [4], [5], and [6]. In these graphs
each node represents a scalar random variable. In many
applications, there may be more than one random variable
associated with a node. This class of graphical models
has been called multi-attribute graphical models in [7], [8],
and [9] and vector graphs or networks in [10] and [11]. In [8],
a sparse-group lasso [12], [13] based penalized log-likelihood
approach for graph learning from multi-attribute data was
presented whereas [7] considers only group lasso [14]. Both
sparse-group lasso and group lasso are convex penalties.
It is well-known that use of non-convex penalties such as
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smoothly clipped absolute deviation (SCAD) [4], [15] or log-
sum [16], can yield more accurate results. Such penalties can
produce sparse set of solution like lasso, and approximately
unbiased coefficients for large coefficients, unlike lasso.

The objective of this paper is to investigate use of
sparse-group non-convex log-sum and SCAD penalties for
estimation of multi-attribute graphs.

A. RELATED WORK
Although non-convex penalties have been extensively used
for graph estimation (see [4], [17], [18], [19], [20], [21]
and references therein), its use for multi-attribute graph
estimation is almost non-existent with the exception of [22]
where SCAD is investigated. In [8], a sparse-group lasso
based penalized log-likelihood approach for graph learning
frommulti-attribute data was presented whereas [7] considers
only group lasso. In sparse-group lasso there is group level
lasso penalty as well as element-wise lasso penalty (see
equations (6) and (7) in Sec. III in the sequel). We extend
the approach of [8] to non-convex sparse-group penalties.
For analysis, we rely on the proof technique of [23] as well
as the primal-dual witness technique of [5], both originally
used in the context of element-wise lasso penalty for single-
attribute graphs. The technique of [5] was extended to
group-lasso penalty for multi-attribute graphs in [7]. The
SCAD penalty for multi-attribute graphs has been considered
in [22] but it does not have counterparts to our Lemma 1 and
Theorems 2-5. Moreover, the sparse-group SCAD penalty
used in this paper is different than that in [22]. In this paper
we apply the primal-dual witness technique in a sparse-group
non-convex penalty setting. Some prior results in an element-
wise non-convex penalty setting are in [20], [21].
For numerical optimization of the penalized log-likelihood

we exploit an alternating direction method of multipliers
(ADMM) approach [24] as in [8] and [22], where for
non-convex penalties (SCAD or log-sum), we use a local
linear approximation of the penalties ( [4], [17], [22]),
initialized via sparse-group lasso results of [8].

B. OUR CONTRIBUTIONS
In this paper we provide a unified theoretical analy-
sis of multi-attribute graph learning using a penalized
log-likelihood objective function where both convex (sparse-
group lasso) and non-convex (sparse-group log-sum and
SCAD) penalty/regularization functions are considered.
We establish sufficient conditions in a high-dimensional
setting for consistency (convergence of the precision matrix
to true value in the Frobenius norm), local convexity
when using non-convex penalties, and graph recovery. Two
alternative sets of sufficient conditions are investigated,
with and without some irrepresentability conditions. For the
latter, we follow the proof technique of [23] (as in [8]),
and for the former, we follow the primal-dual witness
technique of [5] (as in [7]), both applied in a sparse-group
setting. Theoretical results not relying on irrepresentability

conditions are in Theorems 1-3 and that based on some
irrepresentability conditions are in Theorems 4 and 5. While
the non-convex penalized log-likelihood objective function
results in a non-convex optimization problem, Theorems 2
and 4 specify conditions under which it becomes a convex
optimization problem (see Remark 2 in Sec. V-A). These
conditions favor log-sum penalty over SCAD.

A preliminary version of parts of this paper appears in a
conference paper [25]. Theorems 4-5, proof of Theorem 3,
and synthetic and real data examples do not appear in [25].
Only sketches of proofs of Theorems 1 and 2 appear in [25].

C. OUTLINE
The rest of the paper is organized as follows. The system
model is presented in Sec. II where we describe the
multi-attribute graphical model with m random variables per
node, and also an associated larger single-attribute graph.
A penalized log-likelihood objective function is presented in
Sec. III for estimation of multi-attribute graph using non-
convex penalties. An ADMM approach coupled with a local
linear approximation to non-convex penalties is presented for
optimization of the objective function in Sec. IV. In Sec. V
we present sufficient conditions in a high-dimensional setting
for consistency, local convexity when using non-convex
penalties, and graph recovery. Numerical results based on
synthetic as well as real data are presented in Sec. VI to
illustrate the proposed approach. Proofs of Theorems 1-5 and
related technical lemmas are given in Appendices A, B and C.

D. NOTATION
For a set V , |V | or card(V ) denotes its cardinality. The
abbreviations w.p. and w.h.p. stand for with probability and
with high probability, respectively. Given A ∈ Rp×p, we use
φmin(A), φmax(A), |A| and tr(A) to denote the minimum
eigenvalue, maximum eigenvalue, determinant and trace ofA,

respectively. For B ∈ Rp×q, we define ∥B∥ =
√

φmax(B⊤B),

∥B∥F =
√
tr(B⊤B), ∥B∥1 =

∑
i,j |Bij|, where Bij is the (i, j)-

th element of B (also denoted by [B]ij), ∥B∥∞ = maxi,j |Bij|
and ∥B∥1,∞ = maxi

∑
j |Bij|. Given A ∈ Rp×p, A+ =

diag(A) is a diagonal matrix with the same diagonal as A, and
A− = A− A+ is A with all its diagonal elements set to zero.
The notation yn = OP(xn) for random vectors yn, xn ∈ Rp

means that for any ε > 0, there exists 0 < M < ∞ such
that P(∥yn∥ ≤ M∥xn∥) ≥ 1− ε ∀n ≥ 1. The symbols ⊗ and
⊠ denote Kronecker product and Tracy-Singh product [26],
respectively. In particular, given block partitioned matrices
A = [Aij] and B = [Bkℓ] with submatrices Aij and Bkℓ,
Tracy-Singh product yields another block partitioned matrix
A ⊠ B = [Aij ⊠ B]ij = [[Aij ⊗ Bkℓ]kℓ]ij [27]. Given
A = [Aij] ∈ Rmp×mp with Aij ∈ Rm×m, vec(A) ∈ Rm2p2

denotes the vectorization of A which stacks the columns of
the matrix A, and

bvec(A) = [(vec(A11))⊤ (vec(A21))⊤ · · · (vec(Ap1))⊤

(vec(A12))⊤ · · · (vec(Ap2))⊤ · · · (vec(App))⊤]⊤.
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Let V = [p], T ⊆ V × V , A ∈ Rmp×mp and let
A(kℓ)

∈ Rm×m denote an m × m submatrix of A with k and
ℓ indexing some m rows and m columns, respectively, of A.
Then AT denotes the submatrix of A with rows and columns
indexed by T , i.e., AT = [A(kℓ)](k,ℓ)∈T . Suppose 0 = A⊠ B
given block partitioned matrices A = [Aij] and B = [Bkℓ].
For any two subsets T1 and T2 of V × V , 0T1,T2 denotes
the submatrix of 0 with block rows and columns indexed
by T1 and T2, i.e., 0T1,T2 = [Ajℓ ⊗ Bkq](j,k)∈T1,(ℓ,q)∈T2 .
Following [7], an operator C(·) is used in Sec. V-B. Consider
A ∈ Rmp×mp with (k, l)th m × m submatrix A(kℓ). Then C(·)
operates on A asA

(11)
· · · A(1p)

...
. . .

...

A(p1)
· · · A(pp)

 C(·)
−−→

∥A
(11)
∥F · · · ∥A(1p)

∥F
...

. . .
...

∥A(p1)
∥F · · · ∥A(pp)

∥F


with C(A(kℓ)) = ∥A(kℓ)

∥F and C(A) ∈ Rp×p. Now consider
A1,A2 ∈ Rmp×mp with (k, l)th m × m submatrices A(kℓ)

1
and A(kℓ)

2 , respectively, and Tracy-Singh product A1 ⊠ A2 ∈

R(mp)2×(mp)2 . Then C(·) operates on A1 ⊠A2 as C(A1 ⊠A2) ∈
Rp2×p2 with C(A(k1ℓ1)

1 ⊗ A(k2ℓ2)
2 ) = ∥A(k1ℓ1)

1 ⊗ A(k2ℓ2)
2 ∥F

(=∥A(k1ℓ1)
1 ∥F ∥A

(k2ℓ2)
2 ∥F ). That is, each m2

× m2 submatrix
A(k1ℓ1)
1 ⊗A(k2ℓ2)

2 ofA1⊠A2 is mapped into its Frobenius norm.

II. SYSTEM MODEL
We will call G considered earlier a single-attribute graphical
model for x. Now consider p jointly Gaussian random vectors
zi ∈ Rm, i ∈ [p]. We associate zi with the ith node of an
undirected graph G = (V , E) where V = [p] and edges
in E describe the conditional dependencies among vectors
{zi, i ∈ V }. As in the scalar case (m = 1), there is no edge
between node i and node j in G iff random vectors zi and zj
are conditionally independent given all the remaining random
vectors [7]. This is the multi-attribute Gaussian graphical
model of interest in this paper.

Define the mp-vector

x = [z⊤1 z⊤2 · · · z
⊤
p ]
⊤
∈ Rmp. (1)

Suppose we have n i.i.d. observations x(t), t = 1, 2, · · · , n,
of zero-mean x. Our objective is to estimate the inverse
covariance matrix (E{xx⊤})−1 and to determine if edge
{i, j} ∈ E , given data {x(t)}nt=1. Let us associate x with
an ‘‘enlarged’’ graph Ḡ = (V̄ , Ē), where V̄ = [mp] and
Ē ⊆ V̄×V̄ . Now [zj]ℓ, the ℓth component of zj associatedwith
node j of G = (V , E), is the random variable xq = [x]q, where
q = (j − 1)m + ℓ, j ∈ [p] and ℓ ∈ [m]. The random variable
xq is associated with node q of Ḡ = (V̄ , Ē). Corresponding
to the edge {j, k} ∈ E in the multi-attribute G = (V , E), there
are m2 edges {q, r} ∈ Ē specified by q = (j − 1)m + s and
r = (k−1)m+ t , where s, t ∈ [m]. The graph Ḡ = (V̄ , Ē) is a
single-attribute graph. In order for Ḡ to reflect the conditional
independencies encoded in G, we must have the equivalence

{j, k} ̸∈ E ⇔ Ē (jk)
∩ Ē = ∅

where

Ē (jk)
=
{
{q, r} : q = (j− 1)m+ s, r = (k − 1)m+ t,

s, t ∈ [m]
}
.

Let Rxx = E{xx⊤} ≻ 0 and � = R−1xx . Define the (j, k)th
m× m subblock �(jk) of � as

[�(jk)]st = [�](j−1)m+s,(k−1)m+t , s, t ∈ [m]. (2)

It is established in [7, Sec. 2.1] that �(jk)
= 0⇔ {j, k} ̸∈ E .

Since �(jk)
= 0 is equivalent to [�]qr = 0 for every

{q, r} ∈ Ē (jk), and since, by [2, Proposition 5.2], [�]qr = 0 iff
xq and xr are conditionally independent, hence, iff {q, r} ̸∈ Ē ,
it follows that the aforementioned equivalence holds true.

III. PENALIZED NEGATIVE LOG-LIKELIHOOD
Consider a finite set of data comprised of n i.i.d. zero-mean
observations x(t), t = 1, 2, · · · , n. Parametrizing in terms of
the precision (inverse covariance) matrix �, the negative log-
likelihood, up to some irrelevant constants, is given by

L(�) := − ln(|�|)+ tr
(
6̂�

)
(3)

where

6̂ =
1
n

n∑
t=1

x(t)x⊤(t). (4)

In the high-dimensional case (n < p or n comparable to p),
to enforce sparsity and tomake the problemwell-conditioned,
we propose to minimize a penalized version L̄(�) of L(�)
where we penalize (regularize) both element-wise and group-
wise. We have

L̄(�) = L(�)+ αPe(�)+ (1− α)Pg(�), (5)

Pe(�) =
mp∑
i̸=j

ρλ

(∣∣[�]ij
∣∣) , (6)

Pg(�) = m
p∑

q̸=ℓ

ρλ

(
∥�(qℓ)

∥F

)
(7)

where �(qℓ)
∈ Rm×m is defined as in (2), λ > 0, α ∈ [0, 1],

m in (7) reflects the number of group variables [14], and for
u ∈ R, ρλ(u) is a penalty function that is function of |u|. In (6),
the penalty term is applied to each off-diagonal element of
� and in (7), the penalty term is applied to the off-block-
diagonal group of m2 terms via �(qℓ). The parameter α ∈

[0, 1] ‘‘balances’’ element-wise and group-wise penalties [8],
[12], [13].

The following penalty functions are considered:

• Lasso. For some λ > 0, ρλ(u) = λ|u|, u ∈ R.
• Log-sum. For some λ > 0 and 1 ≫ ϵ > 0, ρλ(u) =

λϵ ln
(
1+ |u|

ϵ

)
.
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• SCAD. For some λ > 0 and a > 2,

ρλ(u) =


λ|u|, |u| ≤ λ,

2aλ|u| − |u|2 − λ2

2(a− 1)
, λ < |u| < aλ

λ2(a+ 1)
2

, |u| ≥ aλ.

(8)

In the terminology of [21], all of the above three penalties are
‘‘µ-amenable’’ for some µ ≥ 0. As defined in [21, Sec. 2.2],
ρλ(u) is µ-amenable for some µ ≥ 0 if

(i) The function ρλ(u) is symmetric around zero, i.e.,
ρλ(u) = ρλ(−u) and ρλ(0) = 0.

(ii) The function ρλ(u) is nondecreasing on R+.
(iii) The function ρλ(u)/u is nonincreasing on R+.
(iv) The function ρλ(u) is differentiable for u ̸= 0.
(v) The function ρλ(u)+

µ
2 u

2 is convex, for some µ ≥ 0.
(vi) limu→0+

dρλ(u)
du = λ.

It is shown in [21, Appendix A.1], that all of the above three
penalties are µ-amenable with µ = 0 for Lasso and µ =

1/(a−1) for SCAD. In [21] the log-sum penalty is defined as
ρλ(u) = ln(1+λ|u|) whereas in [16], it is defined as ρλ(u) =
λ ln

(
1+ |u|

ϵ

)
. We follow [16] but modify it so that property

(vi) in the definition of µ-amenable penalties holds. In our
caseµ = λ

ϵ
for the log-sum penalty since d2ρλ(u)

du2
= −λϵ/(ϵ+

|u|)2 for u ̸= 0.
The following properties also hold for the three penalty

functions:

(vii) For some Cλ > 0 and δλ > 0, we have

ρλ(u) ≥ Cλ|u| for |u| ≤ δλ. (9)

(viii) dρλ(u)
d |u| ≤ λ for u ̸= 0.

Property (viii) is straightforward to verify. For Lasso, Cλ = λ

and δλ = ∞. For SCAD, Cλ = λ and δλ = λ. Since ln(1 +
x) ≥ x/(1 + x) for x > −1, we have ln(1 + x) ≥ x/C1 for
0 ≤ x ≤ C1 − 1, C1 > 1. Take C1 = 2. Then log-sum
ρλ(u) ≥ λ

2 |u| for any |u| ≤ ϵ, leading to Cλ =
λ
2 and δλ = ϵ.

We may and will take Cλ =
λ
2 for lasso and SCAD penalties

as well.
We seek �̂ = argmin�≻0 L̄(�).

IV. OPTIMIZATION
The objective function L̄(�) is non-convex for the
non-convex SCAD and log-sum penalties. In this section we
discuss an ADMMapproach, following the ADMMapproach
given in [8] for sparse group lasso, to attain a local minimum
of L̄(�) w.r.t. �.
For non-convex ρλ(u), we use a local linear approximation

(LLA) to ρλ(u) as in [4] and [17], to yield

ρλ(u) ≈ ρλ(|u0|)+ ρ′λ(|u0|)(|u| − |u0|), (10)

where u0 is an initial guess, and the gradient of the penalty
function is

ρ′λ(|u0|) =



λϵ

|u0| + ϵ
for log-sum,

λ, if |u0| ≤ λ
aλ− |u0|
a− 1

, if λ < |u0| ≤ aλ

0, if aλ < |u0|
for SCAD.

(11)

Therefore, with u0 fixed, we need to consider only the term
dependent upon u for optimization w.r.t. u :

ρλ(u) ⇒ ρ′λ(|u0|) |u|. (12)

By [17, Theorem 1], the LLA provides a majorization of
the non-convex penalty, thereby yielding a majorization-
minimization approach. By [17, Theorem 2], the LLA is the
best convex majorization of the LSP and SCAD penalties.

Thus in LSP, with some initial guess �̄, we replace

ρλ(|[�]ij|)→ λe,ij :=
λϵ

|[�̄]ij| + ϵ
, (13)

ρλ(∥�(kℓ)
∥F )→ λg,kℓ :=

λϵ

∥�̄
(kℓ)
∥F + ϵ

. (14)

The solution �̂lasso to the convex sparse group-lasso-
penalized objective function may be used as an initial guess
with �̄ = �̂lasso. Similarly, for SCAD, we have

λe,ij =


λ, if |[�̄]ij| ≤ λ

aλ− |[�̄]ij|
a− 1

, if λ < |[�̄]ij| ≤ aλ

0, if aλ < |[�̄]ij|

, (15)

λg,kℓ =


λ, if ∥�̄

(kℓ)
∥F ≤ λ

aλ− ∥�̄
(kℓ)
∥F

a− 1
, if λ < ∥�̄

(kℓ)
∥F ≤ aλ

0, if aλ < ∥�̄
(kℓ)
∥F

. (16)

With LLA, the original objective function is transformed to
its convex LLA approximation

L̃(�) = L(�)+ αP̃e(�)+ (1− α)P̃g(�), (17)

P̃e(�) =
mp∑
i̸=j

λe,ij

∣∣∣[�k ]ij
∣∣∣, (18)

P̃g(�) = m
p∑

q̸=ℓ

λg,qℓ∥�
(qℓ)
∥F . (19)

For lasso, we have λe,ij = λ ∀i, j and λg,qℓ = λ ∀q, ℓ.
We follow an ADMM approach, as outlined in [8], for both
lasso and LLA to LSP/SCAD. Consider the scaled augmented
Lagrangian [24] for this problem after variable splitting,
given by

L̄ρ(�,V ,U) = L(�)+ αP̃e(V )

+ (1− α)P̃g(V )+
ρ

2
∥�− V + U∥2F , (20)
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Algorithm 1ADMMAlgorithm for Sparse-Group Graphical
Lasso
Require: Sample covariance 6̂ (see (4)), regularization and
penalty parameters λe,ij (i, j ∈ [mp]), λg,kℓ (k, ℓ ∈ [p]), α

and ρ = ρ̄, tolerances τabs and τrel , variable penalty factor φ,
maximum number of iterations tmax . Initial guess �̄.
Ensure: estimated inverse covariance �̂ and edge-set Ê
1: Initialize: U (0)

= V (0)
= 0, �(0)

= �̄, where U,V ∈
R(mp)×(mp), ρ(0)

= ρ̄

2: converged = false, t = 0
3: while converged = false and t ≤ tmax , do
4: Eigen-decompose 6̂ − ρ(t)

(
V (t)
− U (t)) as 6̂ −

ρ(t)
(
V (t)
− U (t))

= PDP⊤ with diagonal matrix
D consisting of eigenvalues. Define diagonal matrix
D̃ with ℓth diagonal element D̃ℓℓ = (−Dℓℓ +√
D2

ℓℓ + 4ρ(t) )/(2ρ(t)). Set �(t+1)
= PD̃P⊤.

5: Define soft thresholding scalar operator Tst (a, β) :=
(1 − β/|a|)+a. Set A(kℓ)

= (�(t+1))(kℓ) + (U (t))(kℓ).
The diagonal m× m subblocks of V are updated as

[(V (t+1))(kk)]uv =

{
[A(kk)]uu if u = v
Tst ([A

(kk)
k ]uv,

αλe,ij

ρ(t) ) if u ̸= v

k ∈ [p], u, v ∈ [m], i = (k−1)m+u, j = (k−1)m+v.
The off-diagonalm×m subblocks of V are updated as

(V (t+1))(kℓ) = B
(
1−

(1− α)mλg,kℓ

ρ(t)∥B∥F

)
+

where k ̸= ℓ ∈ [p], m×m B has its (u, v)th element as
[B]uv = Tst ([A(kℓ)]uv, αλe,ij/ρ

(t)), i = (k − 1)m + u,
j = (ℓ− 1)m+ v.

6: Dual update U (t+1)
= U (t)

+
(
�(t+1)

− V (t+1)).
7: Check convergence. Set tolerances

τpri = mp τabs + τrel max(∥�(t+1)
∥F , ∥V (t+1)

∥F )

τdual = mp τabs + τrel ∥U (t+1)
∥F/ρ(t).

Define dp = ∥�(t+1)
− V (t+1)

∥F and dd =

ρ(t)
∥V (t+1)

− V (t)
∥F . If (dp ≤ τpri) and (dd ≤ τdual),

set converged = true.
8: Update penalty parameter ρ :

ρ(t+1)
=


2ρ(t) if dp > φdd
ρ(t)/2 if dd > φdp
ρ(t) otherwise.

We also need to set U (t+1)
= U (t+1)/2 for dp > φdd

and U (t+1)
= 2U (t+1) for dd > φdp.

9: t ← t + 1
10: end while
11: For k ̸= ℓ, if ∥V (kℓ)

∥F > 0, assign edge {k, ℓ} ∈ Ê , else
{k, ℓ} ̸∈ Ê . Inverse covariance estimate �̂ = V .

where V ∈ R(mp)×(mp) results from variable splitting, and
in the penalties we use V instead of �, adding the equality

constraint V = �, U is the dual variable, and ρ > 0 is the
‘‘penalty parameter’’ [24].
The main difference between [8] and this paper is the

fact that Pg(V ) and Pg(�) are penalized slightly differently
in the two papers (the factor m is missing from [8]). For
non-convex penalties (not considered in [8]), we have an
iterative solution: first solve with sparse group-lasso penalty,
then use the LLA formulation and solve the resulting adaptive
lasso type convex problem. In practice, just two iterations
seem to be enough. A pseudo code for the ADMM algorithm
used in this paper is given in Algorithm 1 where we use the
stopping (convergence) criterion following [24, Sec. 3.3.1]
and varying penalty parameter ρ following [24, Sec. 3.4.1].
See [8] for further details; note that by construction,�(t+1) in
step 4 of Algorithm 1 is positive definite. Our ADMM-based
optimization algorithm is as follows.

1. Calculate sample covariance 6̂ as in (4). Initialize
iteration m̃ = 1, �(0)

= (diag(6̂))−1, �̄ = �(0) and
use �̄ to compute λe,ij’s and λg,kℓ.

2. Execute Algorithm 1 with initial guess �̄.
3. Quit if using sparse-group lasso, else set �(m̃)

= �̂ and
�̄ = �(m̃) to re-compute λe,ij’s and λg,qℓ’s via the LLA.
Set m̃← m̃+ 1.

4. Repeat steps 2 and 3 until convergence. The converged
�̂ is the final estimate of the inverse covariance. (For the
numerical results shown in Sec. VI, we terminated after
two iterations of steps 2 and 3, similar to [4] and [17].)

A. CONVERGENCE AND MODEL SELECTION
In the LLA approach, each approximation yields a con-
vex objective function, therefore, convergence to a global
minimum of L̃(�) is guaranteed. Overall it is a majorization-
minimization approach, hence, after repeated LLA’s, one
gets a local minimum of the original non-convex objective
function. In practice, two iterations seem to be enough: first
run Algorithm 1 for lasso, then using lasso-based LLA, run
Algorithm 1 once more.
For model selection we follow the BIC information

criterion as discussed in [8]. Let �̂ and ˆ̄E (= {{i, j} : |Vij| >
0, i ̸= j}, V as in Algorithm 1 after convergence) denote the
estimated inverse covariance matrix and estimated enlarged
edge-set, and let | ˆ̄E | denote the cardinality (# of nonzero
elements) of ˆ̄E . Noting that �̂ is symmetric with nonzero
diagonal elements, the number of free nonzero elements of
�̂ equal 1

2 |
ˆ̄E | + pm. The BIC is then given by

BIC(λ, α) = tr(6̂�̂)− ln(|�̂|)+
ln(n)
n

(1
2
|
ˆ̄E |
)

(21)

based on the optimized negative log-likelihood − ln fX (X) ∝
n
2

(
tr(6̂�̂) − ln |�̂|

)
, where X = {x(t)}nt=1 and fX (X) is the

joint probability density function of X . The pair (λ, α) is
selected to minimize BIC. Unlike [8], in this paper to simplify
computations, we fix α = 0.05 and select λ to minimize
BIC(λ, 0.05) by searching over a grid of values for synthetic
data. For real data, we search over both λ and α as follows.
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Fix α = 0.05 and select the best λ by searching over a grid
of values, and then with this optimized λ, select the best α by
searching over a grid of values in [0.01, 0.3].
In our simulations we search over λ ∈ [λℓ, λu], where λℓ

and λu are selected via a heuristic as in [8]. Find the smallest
λ, labeled λsm for which we get a no-edge model; then we
set λu = λsm/2 and λℓ = λu/10 for both synthetic and
real datasets. For the numerical results presented in Sec. VI,
we picked tmax = 200, ρ̄ = 2, φ = 10, τabs = τrel = 10−4 in
Algorithm 1. For the SCAD penalty a = 3.7 (as in [4]) and
for the log-sum penalty ϵ = 0.0001.

V. THEORETICAL ANALYSIS
Here we analyze the properties of �̂ = argmin�≻0 L̄(�).
Since the SCAD and log-sum penalties are non-convex,
the objective function is non-convex and in general, any
optimization of the objective function will yield only a
stationary point or a local minimum. We now allow p and
λ to be functions of sample size n, denoted as pn and λn,
respectively. Recall that we have the original multi-attribute
graph G = (V , E) with |V | = pn and the corresponding
enlarged graph Ḡ = (V̄ , Ē) with |V̄ | = mpn.

A. ANALYSIS WITHOUT IRREPRESENTABILITY
CONDITIONS
We assume the following regarding G.
(A1) Denote the true edge set of the graph by E∗, implying

that E∗ = {{j, k} : ∥(�∗)(jk)∥F > 0, j ̸= k} where
�∗ denotes the true precision matrix of x(t). Assume
that card(E∗) = |E∗| ≤ s∗n.

(A2) The minimum and maximum eigenvalues of (mpn)×
(mpn) true covariance 6∗ ≻ 0 satisfy

0 < βmin ≤ φmin(6∗) ≤ φmax(6∗) ≤ βmax <∞.

Here βmin and βmax are not functions of n (or pn).

Let �̂ = argmin�≻0 L̄(�). Theorem 1 establishes local
consistency of �̂ (the proof is in Appendix A).
Theorem 1 (Local Consistency): For τ > 2, let

C0 =40 max
k∈[mp]

([6∗]kk )
√
N1/ ln(pn), (22)

R =8(1+ m)C0/β
2
min, (23)

rn =
√
(mpn + m2s∗n) ln(pn)/n = o(1), (24)

N1 =2 ln(4m2pτ
n), (25)

N2 = argmin
{
n : rn ≤ 0.1/(Rβmin)

}
, (26)

N3 = argmin
{
n : rn ≤

ϵ

R

}
, (27)

N4 = argmin
{
n : λn ≤

min(i,j): [�∗]ij ̸=0 |[�
∗]ij|

a+ 1

}
, (28)

λnℓ =2C0
√
ln(pn)/n, (29)

λnu1 =C0(m+ 1)rn/(m
√
s∗n), (30)

λnu2 =min (Rrn, λnu1) . (31)

Under assumptions (A1)-(A2), there exists a local minimizer
�̂ of L̄(�) satisfying

∥�̂−�∗∥F ≤ Rrn (32)

with probability greater than 1− 1/pτ−2
n if

(i) for the lasso penalty n > max{N1,N2} and λn satisfies
λnℓ ≤ λn ≤ λnu1,

(ii) for the SCAD penalty n > max{N1,N2,N4} and λn
satisfies λn = λnu2,

(iii) for the log-sum penalty n > max{N1,N2,N3} and λn
satisfies λnℓ ≤ λn ≤ λnu1.

For the lasso penalty, �̂ is a global minimizer whereas for the
other two penalties, it is a local minimizer. •

Remark 1 (Convergence Rate): In terms of the rate of
convergence, ∥�̂ − �∗∥F = OP (rn) = OP (rn/m) for fixed
m. Therefore, for ∥�̂−�∗∥F → 0 as n→∞, we must have
(pnm−1 + s∗n) ln(pn)/n → 0. Notice that mpn + m2s∗n is the
maximum number of nonzero elements in �∗. □

We follow the proof technique of [21, Lemma 6] in
establishing Lemma 1 (the proof is in Appendix B).
Lemma 1 (Local Convexity): The optimization problem

�̂ = arg min
�∈B

L̄(�), (33)

B ={� : � ≻ 0, ∥�∥ ≤ 0.99 µ̄}, (34)

µ̄ =


∞ : lasso
√
(a− 1)/m : SCAD
√

ϵ/(mλn) : log-sum,

(35)

consists of a strictly convex objective function over a convex
constraint set for all three penalties where λn is as in
Theorem 1. •

Lemma 1 and Theorem 1 lead to Theorem 2, as proved in
Appendix B.
Theorem 2: Assume the conditions of Theorem 1. If Rrn+

1/βmin ≤ 0.99 µ̄, then �̂ as defined in Lemma 1 is a unique
minimum, satisfying all results of Theorem 1. •

Remark 2: We see from Theorem 1 that as n→∞, λn→
0 (since rn = o(1)), therefore, we eventually have ‘‘global’’
convexity for log-sum penalty by (35) for any �∗. But such
is not the case for SCAD where one may need a to become
large in which case it would behave more like lasso. □

We now turn to graph recovery. Define

Ê =
{
{q, ℓ} : ∥�̂

(qℓ)
∥F > θn > 0, q ̸= ℓ

}
, (36)

E∗ =
{
{q, ℓ} : ∥(�∗)(qℓ)∥F > 0, q ̸= ℓ

}
, (37)

σ̄n =Rrn, (38)

ν = min
{q,ℓ}∈E∗

∥(�∗)(qℓ)∥F , (39)

N4 = argmin
{
n : σ̄n ≤ 0.4ν

}
, (40)

whereR and rn are as in (23) and (24), respectively.We follow
the proof technique of [28, Theorem 10] in establishing
Theorem 3 whose proof is in Appendix B.
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Theorem 3: For θn = 0.5ν and n ≥ N4, Ê = E∗ with
probability> 1−1/pτ−2

n under the conditions of Theorem 1.
•

Remark 3: In practice we do not know the value of ν,
hence cannot calculate θn needed in (36). For the numerical
results presented in Sec. VI, we used θn = 0. Using some
irrepresentability conditions (not needed in Theorem 1) and
the primal-dual witness method, in Theorem 4(iv) of Sec. V-B
we establish a result similar to Theorem 3 but with θn = 0.
That is, additional sufficient conditions on the system model
lead to sharper results in Sec. V-B. □

B. ANALYSIS WITH IRREPRESENTABILITY CONDITIONS
Here we impose additional conditions and obtain sharper
results. Now we follow the primal-dual witness technique
of [5], originally used in the context of element-wise lasso
penalty for single-attribute graphs. The technique of [5] was
extended to group-lasso penalty for multi-attribute graphs in
[7]. In this paper we apply the primal-dual witness technique
in a sparse-group non-convex penalty setting. Some prior
results in an element-wise non-convex penalty setting are
in [20] and [21].

Denote the true extended graph edgeset Ē by Ē∗. Define

S = E∗ ∪
{
{k, ℓ} : k = ℓ ∈ [pn]

}
⊆ [pn]× [pn], (41)

S̄ = Ē∗ ∪
{
{i, j} : i = j ∈ [mpn]

}
⊆ [mpn]× [mpn],

(42)

0∗ = (�∗)−1 ⊠ (�∗)−1, (43)

0̂ = �̂
−1

⊠ �̂
−1

, (44)

κ0∗ = ∥C((0∗S,S )
−1)∥1,∞ (45)

κ̄0∗ = ∥(0∗S,S )
−1
∥1,∞ (46)

κ6∗ = ∥C(6∗)∥1,∞ (47)

κ̄6∗ = ∥6
∗
∥1,∞ (48)

dn = maximum degree of S, (49)

d̄n = maximum degree of S̄. (50)

In (49), dn is the maximum number of non-zero elements
per row of C(�∗), and similarly d̄n in (50) is the maximum
number of non-zero elements per row of �∗. As discussed
in Sec. II, with the true graph G∗ = (V , E∗), V = [pn],
we associate an enlarged graph Ḡ∗ = (V̄ , Ē∗), V̄ = [mpn],
such that corresponding to an edge f = {k, ℓ} ∈ E∗, there
are m2 edges {i, j} ∈ Ē∗ specified by i = (k − 1)m + q,
j = (ℓ−1)m+r , q, r ∈ [m]. To keep notation light, for an edge
f = {k, ℓ} ∈ E∗, we use ef to denote an edge {i, j} ∈ Ē∗ that
corresponds to one of m2 edges of Ē∗ associated with edge
f . Similar notation will be used for edges in (E∗)c and (Ē∗)c,
and edges in S and Sc. Using this notation, assume that for
some γ ∈ (0, 1], the following irrepresentability conditions

hold:

max
f ∈Sc
∥C(0∗f ,S (0

∗
S,S )
−1)∥1 ≤ 1− γ, (51)

max
ef ∈f ∈Sc

∥0∗ef ,S (0
∗
S,S )
−1
∥1 ≤ 1− γ. (52)

With C0 and N1 as defined in (22) and (25), respectively,
define C̃0 = mC0 and

N5 = 36 d2nκ
2
0∗

(
1+

4
γ

)2
C̃0 ln(pn) max

{
κ2
6∗ , κ

2
0∗κ

6
6∗

}
,

(53)

N6 = 36 d2n
(
1+

4
γ

)4
C̃2
0 ln(pn) κ

4
0∗κ

6
6∗ , (54)

N7 = 36d̄2n
(
1+

4
γ

)4
m2C̃2

0 ln(pn) κ
4
0∗κ

6
6∗ . (55)

Let ∂L̄(�) denote the sub-differential of L̄(�) at �. Suppose
that �̂ is a solution to

0 ∈ ∂L̄(�), (56)

which is a first-order necessary condition for a stationary
point of L̄(�). Theorem 4 addresses some properties of this
�̂.
Theorem 4: For the system model of Sec. II, under the

irrepresentability conditions (51)-(52) for some γ ∈ (0, 1],
if

λn =
4
γ
C0

√
ln(pn)
n

, (57)

then for n > max(N1,N5,N6,N7) and for any τ > 2, there
exists a stationary point �̂ of L̄(�) satisfying with probability
> 1− 1/pτ−2

n ,

(i) ∥C(�̂−�∗)∥∞ ≤ 2κ0∗ (1+ 4
γ
)mC0

√
ln(pn)
n ,

(ii) �̂Sc = 0.
(iii) ∥C(�̂−�∗)∥F ≤

√
s∗n + pn ∥C(�̂−�∗)∥∞.

(iv) Additionally, if min(k,ℓ)∈S ∥(�∗)(kℓ)∥F ≥ 4κ0∗ (1 +
4
γ
)mC0

√
ln(pn)
n , then P(Ê = E∗) > 1 − 1/pτ−2

n where

Ê =
{
{q, ℓ} : ∥�̂

(qℓ)
∥F > 0, q ̸= ℓ

}
. •

The proof of Theorem 4 is given in Appendix C.
Lemma 1 and Theorem 4 lead to Theorem 5, as proved in

Appendix C. First define

R̃ = 2κ0∗

(
1+

4
γ

)
mC0, (58)

r̃n =

√
(s∗n + pn)

ln(pn)
n

. (59)

Theorem 5: Assume the conditions of Theorem 4, and as
in assumption (A2), suppose that βmin ≤ φmin(6∗). If R̃r̃n +
1/βmin ≤ 0.99 µ̄, then �̂ as defined in Lemma 1 is a unique
minimum, satisfying all results of Theorem 4. •

Remark 4: In terms of the rate of convergence, ∥C(�̂ −
�∗)∥F = OP (r̃n). Therefore, for ∥C(�̂−�∗)∥F → 0 as n→
∞, wemust have (pn+s∗n) ln(pn)/n→ 0. This is similar to the
results of Theorem 1 (see Remark 1). But unlike Theorem 1,
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TABLE 1. F1 scores, Hamming distances, normalized Frobenius norm of estimation error (∥�̂ − �∗∥F /∥�∗∥F ), and timing, for the synthetic data examples
(p = 100, m = 4), averaged over 100 runs (standard deviation σ in parentheses).

by Theorem 4(ii), we have the oracle result: �̂Sc = 0 just as
�∗Sc = 0, i.e., all absent edges in the true graph are absent
in the estimated graph with high probability. Such a result
does not exist for Theorem 1. Also, the comments made in
Remark 2 apply here as well. Finally, Theorem 4 does not
need a minimum amplitude condition like (28) in Theorem 1
for SCAD. □

VI. NUMERICAL EXAMPLES
We now present numerical results for synthetic as well
as real data to illustrate the proposed non-convex penalty
approaches. In the synthetic data examples the ground truth
is known which allows for an assessment of the efficacy
of various approaches. In the real data example our goal is
visualization and exploration of the conditional dependency
structure underlying the data since the ground truth is
unknown.

A. SYNTHETIC DATA: ERDÖS-RÈNYI AND
BARABÁSI-ALBERT GRAPHS
We consider two types of graphs: Erdös-Rènyi (ER) graph
and Barabási-Albert (BA) graph [29], [30]. In the ER graph,
p = 100 nodes are connected to each other with probability
per = 0.05 and there are m = 4 attributes per node whereas
in the BA graph, we used p = 100 and mean degree of 2 to
generate a BA graph using the procedure given in [30]. In the
upper triangular�, we set [�(jk)]st = 0.5|s−t| for j = k ∈ [p],
s, t ∈ [m]. For j ̸= k , if the two nodes are not connected in
the graph (ER or BA), we have �(jk)

= 0, and if nodes j
and k are connected, then [�(jk)]st is uniformly distributed

over [−0.4,−0.1] ∪ [0.1, 0.4] for s ̸= t , otherwise it is zero.
Then add lower triangular elements to make � a symmetric
matrix. Finally add δI to � and pick δ so that the minimum
eigenvalue of � is 0.5; this is similar to the simulation
example 3 in [7, Sec. 5.1]. With 88⊤ = (� + δI)−1,
we generate x = 8w with w ∈ Rmp as zero-mean Gaussian,
with identity covariance. We generate n i.i.d. observations for
x, with m = 4, p = 100, n ∈ {200, 400, 800}.
Simulation results based on 100 runs are shown in

Table 1 for ER and BA graphs where the performance
measures are F1-score and Hamming distance (between
estimated and true edgesets Ê and E∗) for efficacy in edge
detection, normalized estimation error ∥�̂ − �∗∥F/∥�∗∥F
and execution time (based on tic-toc functions in MATLAB).
All simulations were run on a Window 10 Pro operating
system with processor Intel(R) Core(TM) i7-10700 CPU
@2.90 GHz with 32 GB RAM, using MATLAB R2023a.
We used the ADMM algorithm (with LLA for non-convex
penalties) given in Algorithm 1 with α = 0.05 for all
three regularizations: lasso, log-sum and SCAD. It is seen
that log-sum penalty outperforms lasso and SCAD with
F1 score or Hamming distance as the performance metric.
For n = 800, SCAD yields smaller estimation errors in
estimating � but its performance in terms of F1 score and
Hamming distance metrics is, in general, poor. In practice
we do not know the ground truth, hence cannot pick λ to
maximize the F1 score. In Table 1 we also show results
for lasso and log-sum penalties when λ is picked based the
BIC information criterion as discussed in Sec. IV-A with
α = 0.05. Here again the log-sum penalty outperforms lasso.
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FIGURE 1. Estimated precision matrices based edge weights for financial time series using proposed log-sum penalty with BIC for λ

selection. (a) Lasso, single-attribute case (m = 1, p = 97) with |[�̂]kℓ|, k, ℓ ∈ [97] as edge weight. (b) Lasso, multi-attribute case (m = 4,
p = 97) with ∥�̂

(kℓ)
∥F , k, ℓ ∈ [97] as edge weight. (c) Log-sum, single-attribute case (m = 1, p = 97) with |[�̂]kℓ|, k, ℓ ∈ [97] as edge

weight. (d) Log-sum, multi-attribute case (m = 4, p = 97) with ∥�̂
(kℓ)

∥F , k, ℓ ∈ [97] as edge weight. In all figures, the red squares (in
dashed lines) show the 11 sectors – they are not part of the edge weights.

B. REAL DATA: FINANCIAL TIME SERIES
We consider daily high, low and close-of-the-day share
prices and daily trade volume (m = 4) of 97 (p = 97)
stocks in the S&P 100 index from April 1, 2015 through
April 1, 2020, yielding 1259 samples. This data was gathered
from the Yahoo Finance website. Let [zi(t)]ℓ denote the
ℓth feature (ℓ ∈ [m]) of the ith stock on day t . Then
we consider (as is conventional in such studies) [xi(t)]ℓ =
ln([zi(t)]ℓ/[zi(t)]ℓ) as the time series to analyze, yielding n =
1258, m = 4 and p = 97. These 97 stocks are classified into
11 sectors (according to the Global Industry Classification
Standard (GICS)) and we order the nodes to group them
as information technology (nodes 1-12), health care (nodes
13-27), financials (nodes 28-44), real estate (nodes 45-46),
consumer discretionary (nodes 47-56), industrials (nodes
57-68), communication services (nodes 69-76), consumer
staples (nodes 77-87), energy (nodes 88-92), materials (node
93), utilities (nodes 94-97). For each i and ℓ, [xi(t)]ℓ was
centered and normalized to unit variance. We applied the
BIC criterion for λ selection using log-sum penalty as well

as lasso, for two cases: m = 4, and m = 1 where only the
close-of-the-day share prices were used. To apply BIC,
with α = 0.05, we selected the best λ as detailed in
Sec. IV-A, and then using this optimized λ, we selected the
best α by searching over a grid of values in [0.01, 0.3]. The
resulting estimated precision matrices based edge weights
are shown in Fig. 1. In the multi-attribute case (m = 4,
Figs. 1b and 1d), we get 1517 and 684 edges for lasso
and log-sum regularizations, respectively, whereas in the
single-attribute case (m = 1, Figs. 1a and 1c) we get
1021 and 128 edges for lasso and log-sum regularizations,
respectively. The multi-attribute graph exploits many more
relevant features compared to the single-attribute graphwhich
cannot use more than one feature. The log-sum penalty yields
sparser graphs for both single-attribute and multi-attribute
cases, compared to the lasso penalty.

VII. CONCLUSION
We investigated multi-attribute graph learning using a
penalized log-likelihood objective function where both
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convex (sparse-group lasso) and non-convex (sparse-group
log-sum and SCAD) regularization functions were consid-
ered. An ADMM approach coupled with a local linear
approximation to non-convex penalties was presented for
optimization of the objective function. We established
sufficient conditions in a high-dimensional setting for consis-
tency, local convexity when using non-convex penalties, and
graph recovery. Two alternative sets of sufficient conditions
were investigated, with and without some irrepresentability
conditions. With irrepresentability conditions we could
establish sharper results such as the oracle property (Theo-
rem 4(ii)) and maximum error bound (Theorem 4(i)). While
the non-convex penalized log-likelihood objective function
results in a non-convex optimization problem, Theorems 2
and 5 specify conditions under which it becomes a con-
vex optimization problem. These conditions favor log-sum
penalty over SCAD. Numerical results based on synthetic and
real data were presented to illustrate the proposed approaches.
In the synthetic data examples the log-sum penalized objec-
tive function significantly outperformed the lasso penalized
as well as SCAD penalized objective functions with F1-score
and Hamming distance as performance metrics.

APPENDIX A
LEMMA 2 AND PROOF OF THEOREMS 1
Lemma 2 follows from [5, Lemma 1] and [9, Lemma 1].
Lemma 2: Suppose 6̂ = (1/n)

∑n
t=1 x(t)x

⊤(t), given n
i.i.d. samples {x(t)}nt=1 of zero-mean Gaussian x ∈ Rmp with
covariance6∗ such that each component xi/

√
6∗ii is Gaussian

with unit variance. Define σmax = max1≤i≤mpn 6∗ii and

C̃0 = 40 mσmax

√
2 ln(4m2pτ

n)/ ln(pn). (60)

Then for any τ > 2,

P
(
∥C(6̂ −6∗)∥∞ > C̃0

√
ln(pn)/n

)
≤ 1/pτ−2

n (61)

and

P
(
∥6̂ −6∗)∥∞ > C0

√
ln(pn)/n

)
≤ 1/pτ−2

n (62)

if n > 2 ln(4m2pτ
n), where C0 = C̃0/m. •

Proof: The bound (61) follows from [9, Lemma 1] when
[9, Lemma 1] is applied to Gaussian distributions. Both
[5, Lemma 1] and [9, Lemma 1] are stated for sub-Gaussian
distributions, and the latter is based on the former. The
bound (62) follows similar to (61). ■
Proof of Theorem 1: Let � = �∗ +1 with both �, �∗ ≻

0, and

Q(�) := L̄(�)− L̄(�∗). (63)

The estimate �̂ minimizes Q(�), or equivalently, 1̂ = �̂ −

�∗ minimizes G(1) := Q(�∗ + 1). We will follow the
method of proof of [8, Theorem 1], which, in turn, for the
most part, follows the method of proof of [23, Theorem 1]
pertaining to lasso penalty. Consider the set

2n(R) :=
{
1 : 1 = 1⊤, ∥1∥F = Rrn

}
(64)

where R and rn are as in (23) and (24), respectively. Since
G(1̂) ≤ G(0) = 0, if we can show that inf1{G(1) : 1 ∈

2n(R)} > 0, then the minimizer 1̂ must be inside 2n(R), and
hence ∥1̂∥F ≤ Rrn. It is shown in [23, (9)] that

ln(|�∗ C 1|)− ln(|�∗|) = tr(6∗1)− A1 (65)

where, withH(�∗, 1, v) = (�∗+v1)−1⊗ (�∗+v1)−1 and
v denoting a scalar,

A1 =vec(1)⊤
(∫ 1

0
(1− v)H(�∗, 1, v) dv

)
vec(1). (66)

Noting that �−1 = 6, we can rewrite G(1) as

G(1) = A1 + A2 + A3 + A4, (67)

where

A2 =tr
(
(6̂ −6∗)1

)
, (68)

A3 =α

mpn∑
i,j=1;i̸=j

(
ρλ(|�∗ij +1ij|)− ρλ(|�∗ij|)

)
, (69)

A4 =(1− α)m
pn∑

q,ℓ=1;q̸=ℓ

(
ρλ(∥(�∗)(qℓ) +1(qℓ)

∥F )

− ρλ(∥(�∗)(qℓ)∥F )
)
. (70)

Following [23, p. 502], we have

A1 ≥
∥1∥2F

2(∥�∗∥ + ∥1∥)2
≥

∥1∥2F

2
(
β−1min + Rrn

)2 (71)

where we have used the fact that ∥�∗∥ = ∥(6∗)−1∥ =
φmax((6∗)−1) = (φmin((6∗))−1 ≤ β−1min and ∥1∥ ≤ ∥1∥F =
Rrn. We now consider A2 in (68). We have

A2 =
mpn∑

i,j=1;i̸=j

[6̂ −6∗]ij1ji︸ ︷︷ ︸
L1

+

mpn∑
i=1

[6̂ −6∗]ii1ii︸ ︷︷ ︸
L2

(72)

By Lemma 2, the sample covariance 6̂ satisfies the tail bound

P

(
max
k,ℓ

∣∣∣[6̂ −6∗]kl
∣∣∣ > C0

√
ln(pn)
n

)
≤

1
(pn)τ−2

(73)

for τ > 2, if the sample size n > N1 (N1 is defined in (25)).
To bound L1, using Lemma 2, with probability> 1−1/pτ−2

n ,

|L1| ≤ ∥1−∥1 max
i,j

∣∣[6̂ −6∗]ij
∣∣ ≤ ∥1−∥1 C0

√
ln(pn)
n

.

(74)

Similarly, by Cauchy-Schwarz inequality, Lemma 2 and (24),

|L2| ≤ ∥1+∥1 C0

√
ln(pn)
n

≤ C0

√
ln(pn)
n
√
mpn ∥1+∥F ≤ ∥1+∥FC0rn. (75)
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Therefore, with probability > 1− 1/pτ−2
n ,

|A2| ≤ ∥1−∥1 C0

√
ln(pn)
n
+ ∥1+∥FC0rn. (76)

We now derive a different bound on A2. Define 1̃ ∈ Rpn×pn

with (i, j)-th element 1̃ij = ∥1
(ij)
∥F , where 1(ij) is defined

from 1 similar to (2). By Cauchy-Schwarz inequality,

∥1−∥1 =

mpn∑
i,j=1;i̸=j

|1ij| ≤ m∥1̃
−
∥1

+

( pn∑
k=1

∥1(kk)
∥1 − ∥1

+
∥1

)
︸ ︷︷ ︸

=:B

. (77)

Then using
∑

k ∥1
(kk)
∥1 ≤ m

∑
k 1̃kk ≤ m

√
pn ∥1̃

+
∥F ,

we have

|L2| + C0

√
ln(pn)
n

B ≤ C0

√
ln(pn)
n

(
pn∑
k=1

∥1(kk)
∥1)

≤ ∥1̃
+
∥F
√
mC0rn.

Therefore, an alternative bound is

|A2| ≤ m∥1̃
−
∥1 C0

√
ln(pn)
n
+
√
m ∥1̃

+
∥FC0rn. (78)

For the rest of the proof we have two different approaches,
one for lasso and log-sum and the other for SCAD penalty.
For Lasso and Log-Sum Penalties: We now bound

A3 in (69). Let Ē∗ denote the true enlarged edge-set corre-
sponding to E∗ when one interprets multi-attribute model as
a single-attribute model. Let (Ē∗)c denote its complement.
Using the mean-value theorem, we have (ρ′λ(u) =

dρλ(u)
du )

ρλ(|�∗ij +1ij|) = ρλ(|�∗ij|)

+ ρ′λ(|�̃ij|)(|�∗ij +1ij| − |�
∗
ij|) (79)

where |�̃ij| = |�
∗
ij| + γ (|�∗ij + 1ij| − |�

∗
ij|) for some γ ∈

[0, 1]. We have

A3 = α
∑

(i,j)∈Ē∗
ρ′λ(|�̃ij|)(|�∗ij +1ij| − |�

∗
ij|)

+ α
∑

(i,j)∈(Ē∗)c
ρλ(|1ij|) (80)

≥− α
∑

(i,j)∈Ē∗
ρ′λ(|�̃ij|)|1ij| + α

∑
(i,j)∈(Ē∗)c

Cλ|1ij|

for |1ij| ≤ δλ, (81)

using the triangle inequality and (9) in the last step above.
Now use property (viii) of the penalty functions and Cλ =

λ/2 to conclude that

A3 ≥ −αλn
∑

(i,j)∈Ē∗
|1ij| + α(λn/2)

∑
(i,j)∈(Ē∗)c

|1ij|. (82)

Next we bound A4 in (70). Considering the true edge-set E∗
for the multi-attribute graph, let (E∗)c denote its complement.

If the edge {i, j} ∈ (E∗)c, then (∥�∗)(ij) = 0, therefore,
(∥�∗)(ij) +1(ij)

∥F − ∥(�∗)(ij)∥F = ∥1(ij)
∥F . For {i, j} ∈ E∗,

by the triangle inequality, ∥(�∗)(ij)+1(ij)
∥F −∥(�∗)(ij)∥F ≥

−∥1(ij)
∥F . Thus, mimicking the steps for bounding A3,

we have

A4 ≥ −(1− α)mλn
∑

(i,j)∈E∗
∥1(ij)

∥F

+ (1− α)m(λn/2)
∑

(i,j)∈((E∗)c
∥1(ij)

∥F . (83)

Split A2 as A2 = αA2 + (1 − α)A2, apply bound (76)
to αA2 and (78) to (1 − α)A2, use ∥1−∥1 = ∥1

−

Ē∗∥1 +

∥1−
(Ē∗)c∥1 and ∥1̃

−
∥1 = ∥1̃

−

E∗∥1 + ∥1̃
−

(E∗)c∥1. Define d1 =
ln(pn)
n , then rn =

√
mpn + m2s∗n d1. We have

αA2+A3 ≥ −α|A2| + αλn(0.5∥1
−

(Ē∗)c∥1 − ∥1
−

Ē∗∥1)

≥α(0.5λn − C0d1)
∑

(i,j)∈(Ē∗)c
|1ij|

− α(λn + C0d1)
∑

(i,j)∈Ē∗
|1ij| − αC0rn∥1+∥F . (84)

Since we pick λn ≥ λnℓ in Theorem 1, 0.5λn − C0d1 ≥
0 and therefore, the first term above can be neglected. Now∑

(i,j)∈Ē∗ |1ij| ≤
√
m2s∗n∥1∥F , by the Cauchy-Schwarz

inequality, and ∥1+∥F ≤ ∥1∥F . We then have

αA2+A3 ≥ −α

(
(λn + C0d1)

√
m2s∗n + C0rn

)
∥1∥F . (85)

Similarly, we have

(1− α)A2+A4 ≥ −(1− α)m

×

(
(λn + C0d1)

√
s∗n + C0rn

)
∥1∥F . (86)

From (85) and (86) we have

A2+A3 + A4 ≥ −∥1∥F
(
λnm

√
s∗n + C0d1m

√
s∗n + mC0rn

)
≥ −∥1∥F

(
λnm

√
s∗n + (1+ m)C0rn

)
≥ −2(1+ m)C0rn∥1∥F (87)

where we used the fact that since λn ≤ λnu1, λnm
√
s∗n ≤

C0(1 + m)rn. Using (67), the bound (71) on A1, bound (96)
on A2+A3+A4, and ∥1∥F = Rrn, we have with probability
> 1− 1/pτ−2

n ,

G(1) ≥ ∥1∥2F

[
1

2(β−1min + Rrn)
2
−

2C0(1+ m)
R

]
. (88)

For the given choice of N2, Rrn ≤ RrN2 ≤ 0.1/βmin for n ≥
N2. Also, 2C0(1+m)/R = β2

min/4 by (23). Then for n ≥ N2,

1

2(β−1min + Rrn)
2
−

2C0(1+ m)
R

≥ β2
min

(
1

2.42
−

1
4

)
> 0,

implying G(1) > 0. This proves (32). The choice of N3 for
log-sum penalty ensures that |1ij| ≤ δλ = ϵ needed in (81)
is satisfied w.h.p.: if Rrn ≤ ϵ, then |1ij| ≤ ∥1∥F ≤ Rrn ≤ ϵ.
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For SCADPenalty:Here we address (79) differently. Using
triangle inequality, we have

|�̃ij| ≥ |�
∗
ij| + γ

(
|�∗ij| − |1ij| − |�

∗
ij|
)

≥ |�∗ij| − |1ij|. (89)

Since |1ij| ≤ ∥1∥F ≤ Rrn, the choice λn = λnu2 implies that
λn ≥ Rrn, satisfying |1ij| ≤ λn. Therefore, |�̃ij| ≥ |�

∗
ij|−λn.

For n ≥ N4, ρ′λ(|�̃ij|) = 0 (see (28)) if {i, j} ∈ Ē∗, i.e, |�∗ij| ̸=
0, since in this case |�̃ij| ≥ (a+1)λn−λn = aλn. As in (80),
we have

A3 = α
∑

(i,j)∈Ē∗
ρ′λ(|�̃ij|)(|�∗ij +1ij| − |�

∗
ij|)

+ α
∑

(i,j)∈(Ē∗)c
ρλ(|1ij|)

≥α
∑

(i,j)∈(Ē∗)c
Cλ|1ij| for |1ij| ≤ δλ, (90)

= α(λn/2)
∑

(i,j)∈(Ē∗)c
|1ij|. (91)

Mimicking the steps for bounding A3 above and under same
conditions, we have

A4 ≥ (1− α)m(λn/2)
∑

(i,j)∈(E∗)c
∥1(ij)

∥F . (92)

Thus

αA2+A3 ≥ −α|A2| + 0.5αλn∥1
−

(Ē∗)c∥1

≥α(0.5λn − C0d1)
∑

(i,j)∈(Ē∗)c
|1ij|

− αC0d1
∑

(i,j)∈Ē∗
|1ij| − αC0rn∥1+∥F . (93)

Since we pick λn = max (Rrn, λnu1) in Theorem 1, 0.5λn −
C0d1 ≥ 0 and therefore, the first term above can be neglected.
Now

∑
(i,j)∈Ē∗ |1ij| ≤

√
m2s∗n∥1∥F , by the Cauchy-Schwarz

inequality, and ∥1+∥F ≤ ∥1∥F . We then have

αA2+A3 ≥ −α

(
C0d1

√
m2s∗n + C0rn

)
∥1∥F . (94)

By very similar arguments we also have

(1− α)A2+A4 ≥ −(1− α)m

×

(
C0d1

√
s∗n + C0rn

)
∥1∥F . (95)

From (94) and (95) we have

A2+A3 + A4 ≥ −∥1∥F
(
C0d1m

√
s∗n + mC0rn

)
≥ −(1+ m)C0rn∥1∥F (96)

where we used the fact that C0d1m
√
s∗n ≤ C0rn. Mimick-

ing (88), with probability > 1− 1/pτ−2
n , we have

G(1) ≥ ∥1∥2F

[
1

2(β−1min + Rrn)
2
−

(1+ m)C0

R

]

≥β2
min

(
1

2.42
−

1
8

)
> 0, (97)

implyingG(1) > 0. This proves (32). For the SCAD penalty,
we need |1ij| ≤ δλ = λn in (91). Since |1ij| ≤ ∥1∥F ≤

Rrn, the choice λn = λnu2 implies that λn ≥ Rrn, satisfying
|1ij| ≤ λn. This completes the proof. ■

APPENDIX B
PROOFS OF LEMMA 2 AND THEOREMS 2 AND 3
Proof of Lemma 1: Consider h(�) = L(�) − µ

2 ∥�∥
2
F for

someµ ≥ 0. The Hessian ofL(�) w.r.t. vec(�) is∇2L(�) =
�−1 ⊗�−1 with

φmin(∇2L(�)) =φ2
min(�

−1) = 1/φ2
max(�) = 1/∥�∥2.

(98)

Since ∇2h(�) = �−1 ⊗�−1 − µI (mp)2 , it follows that h(�)
is positive semi-definite, hence convex, if

∥�∥ ≤

√
1
µ

. (99)

By property (v) of the penalty functions, g(u) := ρλ(u) +
µ
2 u

2 is convex, for someµ ≥ 0, and by property (ii), it is non-
decreasing on R+. Therefore, by the composition rules [31,
Sec. 3.2.4], g(|[�]ij|) and g(∥�(qℓ)

∥F ) are convex. Hence,

Pe(�)+
µe

2
∥�∥2F =

mpn∑
i̸=j

(
ρλ(
∣∣[�]ij

∣∣)+ µe

2

∣∣[�]ij
∣∣2)
(100)

is convex for µe = µ ≥ 0, and similarly,

Pg(�)+
µg

2
∥�∥2F = m

pn∑
q̸=ℓ

(
ρλ(∥�(qℓ)

∥F )+
µg

2m
∥�(qℓ)

∥
2
F

)
(101)

is convex for µg = mµ, where µ is the value that renders
ρλ(u)+

µ
2 u

2 convex. Express L̄(�) as

L̄(�) = αL̄e(�)+ (1− α)L̄g(�), (102)

L̄e(�) = L(�)−
µ

2
∥�∥2F + Pe(�)+

µ

2
∥�∥2F , (103)

L̄g(�) = L(�)−
µ

2
∥�∥2F + Pg(�)+

µ

2
∥�∥2F . (104)

Now L̄e(�) is convex function of� if ∥�∥ ≤
√

1
µ
, and L̄g(�)

is convex in � if ∥�∥ ≤
√

1
µg
=

√
1
mµ

. Thus, for L̄(�) to
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be strictly convex, using the (minimum) values of µ to make
ρλ(u)+

µ
2 u

2 convex, we require

∥�∥ < µ̄

=


∞ : lasso
√
(a− 1)/m : SCAD
√

ϵ/(mλn) : log-sum,

(105)

The choice ∥�∥ < µ̄makesL(�)− µ
2 ∥�∥

2
F positive definite,

hence strictly convex.We take ∥�∥ = 0.99 µ̄, completing the
proof. ■
Proof of Theorem 2: If 1/βmin ≤ 0.99 µ̄, then �∗ ∈ B

since ∥�∗∥ ≤ 1/βmin by assumption (A2). Now we establish
that �̂ ∈ B. To this end, consider

∥�̂∥ ≤ ∥�̂−�∗∥ + ∥�∗∥

≤ ∥�̂−�∗∥F + ∥�
∗
∥

≤ Rrn + 1/βmin. (106)

Therefore, �̂ ∈ B. Thus, both �̂ and �∗ are feasible. The
desired result then follows from Theorem 1 and (local) strict
convexity of L̄(�) over B implied by Lemma 1. ■

Proof of Theorem 3:We have ∥�̂
(qℓ)
− (�∗)(qℓ)∥F ≤ ∥�̂−

�∗∥F ≤ σ̄n w.h.p. For the edge {q, ℓ} ∈ E∗, we have

∥�̂
(qℓ)
∥F = ∥(�∗)(qℓ) + �̂

(qℓ)
− (�∗)(qℓ)∥F

≥∥(�∗)(qℓ)∥F − ∥�̂
(qℓ)
− (�∗)(qℓ)∥F

≥ν − σ̄n ≥ 0.6 ν for n ≥ N4

>θn. (107)

Thus, E∗ ⊆ Ê . Now consider the set complements (E∗)c and
Êc. For the edge {q, ℓ} ∈ (E∗)c, ∥(�∗)(qℓ)∥F = 0. For n ≥ N4,
w.h.p. we have

∥�̂
(qℓ)
∥F ≤ ∥(�∗)(qℓ)∥F + ∥�̂

(qℓ)
− (�∗)(qℓ)∥F

≤ 0+ σ̄n ≤ 0.4 ν < θn, (108)

implying that {q, ℓ} ∈ (Ê∗)c. Thus, (E∗)c ⊆ Êc, hence Ê ⊆
E∗, establishing Ê = E∗. ■

APPENDIX C
TECHNICAL LEMMAS AND PROOFS OF THEOREMS 4 AND
5
In this Appendix, we prove Theorems 4 and 5. A first-order
necessary condition for minimization of non-convex L̄(�),
given by (5), w.r.t. � ∈ Rmpn×mpn is that the zero matrix
belongs to the sub-differential of L̄(�) at the solution �̂. That
is, at � = �̂,

0 ∈ ∂L̄(�) =
∂L(�)

∂�
+ α∂Pe(�)+ (1− α)∂Pg(�)

= 6̂ −�−1 + αλnZ(�)+ (1− α)mλnY (�) (109)

where λnZ(�) ∈ ∂
∑mpn

i̸=j ρλ

(
|�ij|

)
∈ Rmpn×mpn ,

the sub-differential of (possibly non-convex) element-wise

penalty term for i ̸= j, is given by

[Z(�)]ij =


v ∈ [−1, 1], if �ij = 0
�ij

|�ij|
if �ij ̸= 0 : lasso

Ceij if �ij ̸= 0 : log-sum
Deij if �ij ̸= 0 : SCAD,

(110)

Ceij =
ϵ

ϵ + |�ij|

�ij

|�ij|
, (111)

Deij =


�ij

|�ij|
if 0 < |�ij| ≤ λn

a− |�ij|/λn

a− 1
�ij

|�ij|
if λn < |�ij| ≤ aλn

0 if aλn < |�ij|,

(112)

and λnY (�) ∈ m−1∂
∑pn

k ̸=ℓ ρλ

(
∥�(kℓ)

∥F
)
∈ Rmpn×mpn , the

sub-differential of (possibly non-convex) group penalty term
for k ̸= ℓ, is given by

(Y (�))(kℓ) =



V ∈ Rm×m, ∥V∥F ≤ 1,
if ∥�(kℓ)

∥F = 0
�(kℓ)

∥�(kℓ)
∥F

if ∥�(kℓ)
∥F ̸= 0 : lasso

C (kℓ)
g if ∥�(kℓ)

∥F ̸= 0 : log-sum
D(kℓ)
g if ∥�(kℓ)

∥F ̸= 0 : SCAD,

(113)

C (kℓ)
g =

ϵ

ϵ + ∥�(kℓ)
∥F

�(kℓ)

∥�(kℓ)
∥F

, (114)

D(kℓ)
g =



�(kℓ)

∥�(kℓ)
∥F

if 0 < ∥�(kℓ)
∥F ≤ λn

a− ∥�(kℓ)
∥F/λn

a− 1
�(kℓ)

∥�(kℓ)
∥F

if λn < ∥�(kℓ)
∥F ≤ aλn

0 if aλn < ∥�(kℓ)
∥F .

(115)

We have |[Z(�)]ij| ≤ 1 and ∥(Y (�))(kℓ)∥F =

∥vec((Y (�))(kℓ))∥2 ≤ 1 for all three penalties; note that
[Z(�)]ij = 0 for i = j and (Y (�))(kℓ) = 0 for k = ℓ. Suppose
that �̂ is a solution to (109) which is a first-order necessary
condition for a stationary point of L̄(�). Theorem 4 addresses
some properties of this �̂.
Let �̃ be a stationary point of L̄(�) under the constraint

�Sc = 0, i.e., �̃ is a solution to 0 ∈ ∂
(
L̄(�)

∣∣
�Sc=0

)
. Define

1 = �̃−�∗, (116)

R(1) = �̃
−1
− (�∗)−1 + (�∗)−11(�∗)−1, (117)

W = 6̂ −6∗. (118)

Lemma 3: If ∥1∥∞ < 1/(3κ̄6∗ d̄n) then

∥R(1)∥∞ ≤
3
2
d̄n ∥1∥2∞κ̄3

6∗ . (119)

If ∥C(1)∥∞ < 1/(3κ6∗dn) then

∥C(R(1))∥∞ ≤
3
2
dn ∥C(1)∥2∞κ3

6∗ . (120)

Proof: The bound (119) is proved in [5, Lemma 5] and
the bound (120) is proved in [7, Lemma 9]. ■
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Lemma 4 establishes sufficient conditions under which �̃

is also a solution to 0 ∈ ∂L̄(�).
Lemma 4: If max

(
∥W∥∞, ∥R(1)∥∞

)
≤ γ λn/4 and

max
(
∥C(W )∥∞, ∥C(R(1))∥∞

)
≤ γmλn/4, then 0 ∈

∂L̄(�)
∣∣
�=�̃

•

Proof: This is a key step in the primal-dual witness
approach of [5] for single-attribute graphs and that of [7] for
multi-attribute graphs. With

X(�̃) = αλnZ(�̃)+ (1− α)mλnY (�̃), (121)

(109) can be expressed as 6̂ − �̃
−1
+ X(�̃) = 0.

By construction of �̃, �̃Sc = 0 and 6̂S− (�̃
−1

)S+X(�̃S ) =
0. For the unconstrained problem, we need to show that (109)
holds for � = �̃, equivalently,

6̂S − (�̃
−1

)S + X(�̃S ) = 0, (122)

6̂Sc − (�̃
−1

)Sc + X(�̃Sc ) = 0. (123)

Now (122) is true for the constrained problem. It remains
to show that X(�̃Sc ) = (�̃

−1
)Sc − 6̂Sc is a valid

solution to (123) with Z(�̃Sc ) and Y (�̃Sc ) satisfying the sub-
differential conditions (110) and (113) for every ef ∈ f ∈ Sc,
so that �̃ qualifies as a stationary point of L̄(�). To this end,
we first rewrite (109) as

6̂ − (�∗)−1 + (�∗)−11(�∗)−1 − R(1)+ X(�̃) = 0.

(124)

In terms of m × m submatrices of 1, 6̂, �∗ and X(�̃)
corresponding to various graph edges, using bvec(ADB) =
(B⊤ ⊠ A)bvec(D) [26, Lemma 1], we may rewrite (124) as

0∗bvec(1)+ bvec(W − R(1))+ bvec(X(�̃)) = 0, (125)

which then can be rewritten as[
0∗S,S 0∗S,Sc

0∗Sc,S 0∗Sc,Sc

] [
bvec(1S )
bvec(1Sc )

]
−

[
bvec((W − R(1))S )
bvec((W − R(1))Sc )

]
+

[
bvec(X(�̃S ))
bvec(X(�̃Sc ))

]
=

[
0
0

]
. (126)

Since 1̃Sc = �̃Sc −�∗Sc = 0 by construction, (126) reduces
to

0∗S,S bvec(1S )+ bvec((W − R(1))S )

+ bvec(X(�̃S )) = 0, (127)

0∗Sc,S bvec(1S )+ bvec((W − R(1))Sc )

+ bvec(X(�̃Sc )) = 0. (128)

By construction of �̃ as a stationary point of L̄(�) under
the constraint 1Sc = 0, (127) is satisfied. It remains to
show that (128) is true. Substituting for bvec(1S ) from (127)
into (128), we have

bvec(X(�̃Sc )) = 0∗Sc,S (0
∗
S,S )
−1
(
bvec((W − R(1))S )

+ bvec(X(�̃S ))
)
− bvec((W − R)Sc ). (129)

Using (121), we split (129) as

αλn bvec(Z(�̃Sc )) = α0∗Sc,S (0
∗
S,S )
−1

×

(
bvec((W − R(1))S )+ λn bvec(Z(�̃S ))

)
− α bvec((W − R(1))Sc ), (130)

(1− α)mλn bvec(Y (�̃Sc )) = (1− α)0∗Sc,S (0
∗
S,S )
−1

×

(
bvec((W − R(1))S )+ mλn bvec(Y (�̃S ))

)
− (1− α) bvec((W − R(1))Sc ). (131)

A solution for Z(�̃Sc ) is obtained via (130) and a solution for
Y (�̃Sc ) is obtained via (131). Using the notation as explained
in Sec. V-B, consider an edge f ∈ Sc (implying ∥�∗f ∥F =
0) with ef denoting one of the corresponding m2 edges in
the corresponding enlarged graph (implying |�∗ef | = 0).
By (130), with A = 0∗ef ,S (0

∗
S,S )
−1
∈ R1×(ms), s = |S|,

we have

λn |Z (�̃ef )| ≤ |A bvec(WS )| + |A bvec((R(1))S )|

+ λn |A bvec(Z(�̃S ))| + |W ef | + |(R(1))ef | (132)

≤ ∥A∥1
(
∥W∥∞ + ∥R(1)∥∞ + λn ∥Z(�̃S )∥∞

)
+ ∥W∥∞ + ∥R(1)∥∞ (133)

Using (52) and the fact that |Z (�̃eg )| ≤ 1 for any eg ∈ g ∈ S,
we have

λn |Z (�̃ef )| ≤ (2− γ )
(
∥W∥∞ + ∥R(1)∥∞

)
+ λn (1− γ )

≤ (2− γ )γ λn/2+ λn (1− γ ). (134)

Thus

|Z (�̃ef )| ≤ γ −
γ 2

2
+ 1− γ = 1−

γ 2

2
< 1, (135)

establishing that (130) holds for some Z (�̃ef ) with
|Z (�̃ef )| < 1 (strict feasibility) for any ef ∈ f ∈ Sc. We now
turn to (131) where we need to show ∥vec(Y (�̃f ))∥2 < 1,
Y (�̃f ) ∈ Rm×m, for any f ∈ Sc. By (131), with B =
0∗f ,S (0

∗
S,S )
−1
∈ Rm×(ms), s = |S|, we have

mλn ∥vec(Y (�̃f ))∥2 ≤ ∥B bvec(WS )∥2

+ ∥B bvec((R(1))S )∥2 + mλn ∥B bvec(Y (�̃S ))∥2
+ ∥vec(W f )∥2 + ∥vec((R(1))f )∥2 (136)

≤ ∥C(B)∥1
(
∥C(W )∥∞ + ∥C(R(1))∥∞

+ mλn ∥C(Y (�̃S ))∥∞
)
+ ∥C(W )∥∞

+ ∥C(R(1))∥∞ (137)

where we used the fact that ∥B bvec(WS )∥2 ≤ ∥

C(B)∥1∥C(WS )∥∞ following [9, Eqn. (80)] (see also
[7, Lemma 13]). Using (51), the fact that ∥vec(Y (�̃g))∥2 ≤
1 for any g ∈ S, and the bounds on ∥C(W )∥∞ and
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∥C(R(1))∥∞, we have

mλn ∥vec(Y (�̃f ))∥2 ≤ (2− γ )
(
∥C(W )∥∞

+ ∥C(R(1))∥∞
)
+ mλn (1− γ )

≤ (2− γ )γmλn/2+ mλn (1− γ ). (138)

Thus

∥vec(Y (�̃f ))∥2 ≤ γ −
γ 2

2
+ 1− γ = 1−

γ 2

2
< 1, (139)

proving that for some Y (�̃f ) with ∥vec(Y (�̃f ))∥2 =

∥Y (�̃f )∥F < 1 for any f ∈ Sc, (131) holds. Satisfaction
of (130) and (131) implies that of (129), and hence, that
of (125) and (124), yielding the desired result. ■
Lemma 5: Suppose that

r : = 2κ0∗
(
∥C(W )∥∞ + mλn

)
≤ min

( 1
3κ6∗dn

,
1

3κ0∗κ
3
6∗dn

)
. (140)

Then �̃ = �∗ +1 of Lemma 4 satisfies ∥C(1)∥∞ ≤ r . •
Proof: Define the closed ball

B(r) : =
{
1S : ∥C(1S )∥∞ ≤ r

}
(141)

and the gradient mapping (109)

G(�) : = 6̂ −�−1 + X(�). (142)

By construction G(�̃S ) := 6̂S − (�−1)S + X(�S ) = 0 and
�̃Sc = 0. As in (124),

G(�∗ +1) = (�∗)−11(�∗)−1 − R(1)

+W + X(�∗ +1). (143)

Since �̃Sc = 0, we have 1Sc = 0. Vectorizing and using
decomposition as in (127), we have

bvec(G(�∗S +1S )) = 0∗S,Sbvec(1S )

+ bvec((W − R(1))S )+ bvec(X(�̃S )). (144)

Define a mapping F(1S ) on B(r) as

F(1S ) := −(0∗S,S )
−1bvec(G(�∗S +1S ))+ bvec(1S )

= −(0∗S,S )
−1
(
bvec((W − R(1))S )+ bvec(X(�̃S ))

)
.

(145)

The proof technique of [5] (see also [7]) is to show that
F(B(r)) ⊆ B(r) (i.e., F(1S ) maps 1S ∈ B(r) to
F(1S ) ∈ B(r)). Since the mapping F is continuous and
B(r) is compact, by the Brouwer’s fixed point theorem
[32, Theorem 9.2] F(B(r)) ⊆ B(r) implies that there exists a
fixed point 1S ∈ B(r) such that F(1S ) = bvec(1S ), which,
in turn, leads to G(�∗S + 1S = G(�̃S ) = 0 establishing
that the fixed point is a constrained stationary point of L̄(�)
with ∥C(1)∥∞ ≤ r since 1Sc = 0. It remains to show that

F(B(r)) ⊆ B(r). By (145), in a manner similar to (137),
we have

∥C(F(1S ))∥∞ ≤ ∥C(0∗S,S )
−1
∥1,∞

(
∥C(W )∥∞

+ ∥C(R(1))∥∞ + ∥C(X(�̃S ))∥∞
)
. (146)

Since |Z (�̃eg )| ≤ 1 for any eg ∈ g ∈ S,
∥vec(Z(�̃g))∥2 ≤ m using the Cauchy-Schwarz inequality.
Also, ∥vec(Y (�̃g))∥2 ≤ 1 for any g ∈ S. Using these two
facts and (121), we have

∥C(X(�̃S ))∥∞ ≤ αλn∥C(Z(�̃S ))∥∞

+ (1− α)mλn∥C(Y (�̃S ))∥∞
≤ αλnm+ (1− α)mλn = mλn. (147)

Therefore,

∥C(F(1S ))∥∞ ≤ κ0∗
(
∥C(W )∥∞ + ∥C(R(1))∥∞ + mλn

)
.

(148)

Since r ≤ 1/(3κ6∗dn) and ∥C(1S )∥∞ ≤ r , by Lemma 3,
∥C(R(1))∥∞ ≤ (3dn/2) ∥C(1)∥2∞κ3

6∗ . Hence

κ0∗∥C(R(1))∥∞ ≤ 3κ0∗dnκ3
6∗r

2/2 ≤
1
r
r2

2
=
r
2
. (149)

Thus

∥C(F(1S ))∥∞ ≤
r
2
+ κ0∗

(
∥C(W )∥∞ + mλn

)
=
r
2
+
r
2
= r . (150)

Therefore, F(1S ) ∈ B(r), yielding the desired result. ■
We now turn to the proof of Theorem 4.
Proof of Theorem 4: Here we first verify the conditions

in Lemmas 3-5. Pick λn as in (57). By Lemma 2, this choice
ensures that ∥C(W )∥∞ ≤ γ λnm/4 and ∥W∥∞ ≤ γ λn/4
(needed in Lemma 4) with probability> 1−1/pτ−2

n provided
the sample size n > N1 = 2 ln(4m2pτ

n). Now consider

r = 2κ0∗
(
∥C(W )∥∞ + mλn

)
≤ 2κ0∗

(
1+

γ

4

)
mλn

= 2κ0∗
(
1+

4
γ

)
C̃0
√
ln(pn)/n. (151)

In Lemma 5 to satisfy (140), we pick n > N5 which ensures
that with probability > 1− 1/pτ−2

n ,

2κ0∗
(
1+

4
γ

)
C̃0
√
ln(pn)/n ≤ min

( 1
3κ6∗dn

,
1

3κ0∗κ
3
6∗dn

)
.

(152)

By Lemma 5, we have ∥C(1)∥∞ ≤ r ≤ 1/(3κ6∗dn),
which invoking Lemma 3 implies that ∥C(R(1))∥∞ ≤

(3/2)dnκ3
6∗ ∥C(1)∥2∞ ≤ (3/2)dnκ3

6∗ r
2. Therefore, we have

∥C(R(1))∥∞

≤

(
6 dnκ3

6∗ κ
2
0∗

(
1+

4
γ

)2C̃0
√
ln(pn)/n

)
γ λnm/4. (153)

We pick n > N6 so that ∥C(R(1))∥∞ ≤ γ λnm/4 with
probability> 1−1/pτ−2

n . It remains to show that in Lemma 4,
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the condition ∥R(1)∥∞ ≤ γ λn/4 holds. To this end we
impose an additional condition on (151) as

r ≤ 2κ0∗
(
1+

4
γ

)
C̃0
√
ln(pn)/n ≤

1

3κ̄6∗ d̄n
, (154)

i.e., modify the bounds on r given in Lemma 5 as

r ≤ min
( 1
3κ6∗dn

,
1

3κ0∗κ
3
6∗dn

,
1

3κ̄6∗ d̄n

)
. (155)

By Lemma 5 and (155), we have ∥1∥∞ ≤ ∥C(1)∥∞ ≤
r ≤ 1/(3κ̄6∗ d̄n), which invoking Lemma 3 implies
that ∥R(1)∥∞ ≤ (3/2)d̄nκ̄3

6∗ ∥1∥
2
∞ ≤ (3/2)d̄nκ̄3

6∗ r
2.

Therefore, we have

∥R(1)∥∞

≤

(
6d̄nκ̄3

6∗ κ
2
0∗

(
1+

4
γ

)2 m C̃0
√
ln(pn)/n

)
γ

λn

4
. (156)

We pick n > N7 so that ∥R(1)∥∞ ≤ γ λn/4 with probability
> 1 − 1/pτ−2

n . Thus, we have proved Theorem 4(i).
Theorem 4(ii) follows from Lemma 4. To prove part (iii),
consider

∥C(�̂−�∗)∥F =
√ ∑
{k,ℓ}∈S

∥�̂
(k,ℓ)
− (�∗)(k,ℓ)∥2F

≤
√
s∗n + pn ∥C(�̂−�∗)∥∞, (157)

where in the last step above we used the Cauchy-
Schwarz inequality. Finally, to establish part (iv), note that
parts (i)-(iii) hold with probability > 1 − 1/pτ−2

n (with
high probability (w.h.p.)). If min(k,ℓ)∈S ∥(�∗)(kℓ)∥F ≥ 2∥
C(�̂−�∗)∥∞,

∥C(�̂−�∗)∥∞ = ∥C((�̂−�∗)S )∥∞
≤ (1/2) min

(k,ℓ)∈S
∥(�∗)(kℓ)∥F . (158)

For any edge {k, ℓ} = f ∈ S, using the Cauchy-Schwarz
inequality, we have

(1/2) min
(k,ℓ)∈S

∥(�∗)(kℓ)∥F ≥ ∥(�̂−�∗)f ∥F

≥ ∥�∗f ∥F − ∥�̂f ∥F , (159)

therefore,

∥�̂f ∥F ≥ ∥�
∗
f ∥F − (1/2) min

(k,ℓ)∈S
∥(�∗)(kℓ)∥F

≥ (1/2) min
(k,ℓ)∈S

∥(�∗)(kℓ)∥F > 0, (160)

while �̂Sc = 0 w.h.p. ■
Proof of Theorem 5: We note that in terms of R̃ and r̃n,

Theorem 4 implies that

∥C(�̂−�∗)∥F ≤ R̃r̃n. (161)

If 1/βmin ≤ 0.99 µ̄, then �∗ ∈ B since ∥�∗∥ ≤ 1/βmin by
the stated assumption βmin ≤ φmin(6∗). Now we establish

that �̂ ∈ B. To this end, as in the proof of Theorem 2, consider

∥�̂∥ ≤ ∥�̂−�∗∥ + ∥�∗∥

≤ ∥�̂−�∗∥F + ∥�
∗
∥

= ∥C(�̂−�∗)∥F + ∥�∗∥

≤ R̃r̃n + 1/βmin. (162)

Therefore, �̂ ∈ B. Thus, both �̂ and �∗ are feasible. The
desired result then follows from Theorem 4 and (local) strict
convexity of L̄(�) over B implied by Lemma 1. ■
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