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ABSTRACT We consider the problem of inferring the conditional independence graph (CIG) of
high-dimensional Gaussian vectors from multi-attribute data. Most existing methods for graph estimation
are based on single-attribute models where one associates a scalar random variable with each node. In multi-
attribute graphical models, each node represents a random vector. In this paper we provide a unified
theoretical analysis of multi-attribute graph learning using a penalized log-likelihood objective function.
We consider both convex (sparse-group lasso) and sparse-group non-convex (log-sum and smoothly clipped
absolute deviation (SCAD) penalties) penalty/regularization functions. An alternating direction method of
multipliers (ADMM) approach coupled with local linear approximation to non-convex penalties is presented
for optimization of the objective function. For non-convex penalties, theoretical analysis establishing local
consistency in support recovery, local convexity and precision matrix estimation in high-dimensional
settings is provided under two sets of sufficient conditions: with and without some irrepresentability
conditions. We illustrate our approaches using both synthetic and real-data numerical examples. In the
synthetic data examples the sparse-group log-sum penalized objective function significantly outperformed
the lasso penalized as well as SCAD penalized objective functions with Fj-score and Hamming distance as
performance metrics.

INDEX TERMS Graph learning, inverse covariance estimation, undirected graph, sparse-group lasso, multi-
attribute graphs, sparse-group log-sum and SCAD penalties.

I. INTRODUCTION

Graphical models provide a powerful tool for analyzing
multivariate data [1], [2]. In an undirected graphical model,
the conditional dependency structure among p random
variables x1,x2, -+ ,X,, (x = [x1 x2 - xp]"),
is represented using an undirected graph G = (V, &), where
V ={1,2,---, p} = [p] is the set of p nodes corresponding
to the p random variables x;’s, and £ C [p] x [p] is the set of
undirected edges describing conditional dependencies among
x;’s. The graph G is a conditional independence graph (CIG)
where there is no edge between nodes i and j if and only if (iff)
x; and x; are conditionally independent given the remaining
p-2 variables.
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Gaussian graphical models (GGMs) are CIGs where x
is multivariate Gaussian. Suppose x has positive-definite
covariance matrix X with inverse covariance matrix 2 =
% ~!. Then Qj, the (i, j)-th element of 2, is zero iff x; and x;
are conditionally independent. Given n samples of x, in high-
dimensional settings, one estimates €2 under some sparsity
constraints; see, e.g., [3], [4], [5], and [6]. In these graphs
each node represents a scalar random variable. In many
applications, there may be more than one random variable
associated with a node. This class of graphical models
has been called multi-attribute graphical models in [7], [8],
and [9] and vector graphs or networks in [10] and [11]. In [8],
a sparse-group lasso [12], [13] based penalized log-likelihood
approach for graph learning from multi-attribute data was
presented whereas [7] considers only group lasso [14]. Both
sparse-group lasso and group lasso are convex penalties.
It is well-known that use of non-convex penalties such as
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smoothly clipped absolute deviation (SCAD) [4], [15] or log-
sum [16], can yield more accurate results. Such penalties can
produce sparse set of solution like lasso, and approximately
unbiased coefficients for large coefficients, unlike lasso.

The objective of this paper is to investigate use of
sparse-group non-convex log-sum and SCAD penalties for
estimation of multi-attribute graphs.

A. RELATED WORK

Although non-convex penalties have been extensively used
for graph estimation (see [4], [17], [18], [19], [20], [21]
and references therein), its use for multi-attribute graph
estimation is almost non-existent with the exception of [22]
where SCAD is investigated. In [8], a sparse-group lasso
based penalized log-likelihood approach for graph learning
from multi-attribute data was presented whereas [7] considers
only group lasso. In sparse-group lasso there is group level
lasso penalty as well as element-wise lasso penalty (see
equations (6) and (7) in Sec. III in the sequel). We extend
the approach of [8] to non-convex sparse-group penalties.
For analysis, we rely on the proof technique of [23] as well
as the primal-dual witness technique of [5], both originally
used in the context of element-wise lasso penalty for single-
attribute graphs. The technique of [5] was extended to
group-lasso penalty for multi-attribute graphs in [7]. The
SCAD penalty for multi-attribute graphs has been considered
in [22] but it does not have counterparts to our Lemma 1 and
Theorems 2-5. Moreover, the sparse-group SCAD penalty
used in this paper is different than that in [22]. In this paper
we apply the primal-dual witness technique in a sparse-group
non-convex penalty setting. Some prior results in an element-
wise non-convex penalty setting are in [20], [21].

For numerical optimization of the penalized log-likelihood
we exploit an alternating direction method of multipliers
(ADMM) approach [24] as in [8] and [22], where for
non-convex penalties (SCAD or log-sum), we use a local
linear approximation of the penalties ( [4], [17], [22]),
initialized via sparse-group lasso results of [8].

B. OUR CONTRIBUTIONS

In this paper we provide a unified theoretical analy-
sis of multi-attribute graph learning using a penalized
log-likelihood objective function where both convex (sparse-
group lasso) and non-convex (sparse-group log-sum and
SCAD) penalty/regularization functions are considered.
We establish sufficient conditions in a high-dimensional
setting for consistency (convergence of the precision matrix
to true value in the Frobenius norm), local convexity
when using non-convex penalties, and graph recovery. Two
alternative sets of sufficient conditions are investigated,
with and without some irrepresentability conditions. For the
latter, we follow the proof technique of [23] (as in [8]),
and for the former, we follow the primal-dual witness
technique of [5] (as in [7]), both applied in a sparse-group
setting. Theoretical results not relying on irrepresentability
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conditions are in Theorems 1-3 and that based on some
irrepresentability conditions are in Theorems 4 and 5. While
the non-convex penalized log-likelihood objective function
results in a non-convex optimization problem, Theorems 2
and 4 specify conditions under which it becomes a convex
optimization problem (see Remark 2 in Sec. V-A). These
conditions favor log-sum penalty over SCAD.

A preliminary version of parts of this paper appears in a
conference paper [25]. Theorems 4-5, proof of Theorem 3,
and synthetic and real data examples do not appear in [25].
Only sketches of proofs of Theorems 1 and 2 appear in [25].

C. OUTLINE

The rest of the paper is organized as follows. The system
model is presented in Sec. II where we describe the
multi-attribute graphical model with m random variables per
node, and also an associated larger single-attribute graph.
A penalized log-likelihood objective function is presented in
Sec. III for estimation of multi-attribute graph using non-
convex penalties. An ADMM approach coupled with a local
linear approximation to non-convex penalties is presented for
optimization of the objective function in Sec. IV. In Sec. V
we present sufficient conditions in a high-dimensional setting
for consistency, local convexity when using non-convex
penalties, and graph recovery. Numerical results based on
synthetic as well as real data are presented in Sec. VI to
illustrate the proposed approach. Proofs of Theorems 1-5 and
related technical lemmas are given in Appendices A, B and C.

D. NOTATION

For a set V, |V| or card(V) denotes its cardinality. The
abbreviations w.p. and w.h.p. stand for with probability and
with high probability, respectively. Given A € RP*P, we use
Gmin(A), Pmax(A), |A| and tr(A) to denote the minimum
eigenvalue, maximum eigenvalue, determinant and trace of A,
V $max (B B),
IB|lr = Vtr(B'B), |B|; = Zi’j |Bjj|, where Bj; is the (i, j)-
th element of B (also denoted by [B];), ||Bllcc = max; ; |Bj;l
and [|B|l1,cc = max; > ;|B;l. Given A € RP*P, AT =
diag(A) is a diagonal matrix with the same diagonal as A, and
A~ =A — A" is A with all its diagonal elements set to zero.
The notation y, = Op(x,) for random vectors y,,x, € R”
means that for any ¢ > 0, there exists 0 < M < oo such
that P(||y, || < M|x,|]) > 1 — & Vrn > 1. The symbols ® and
X denote Kronecker product and Tracy-Singh product [26],
respectively. In particular, given block partitioned matrices
A = [A;] and B = [By,] with submatrices A;; and Byg,
Tracy-Singh product yields another block partitioned matrix
AXB = [Aj; K B]; = [[Aj ® Bielrelj [27]. Given
A = [A;] € R™*™ with A; € R™™, vec(A) € R™P’
denotes the vectorization of A which stacks the columns of
the matrix A, and

bvec(A) = [(vec(A11))| (vec(Aa1))| -+ (vec(Apn))"
(vec(A)" -+ (vecAp) " -+ (vec(App))' 1T

respectively. For B € RP*4, we define ||B|| =
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Let V = [pl, T € VxV,A € R™* and let
AK®D ¢ Rm*m denote an m x m submatrix of A with k and
£ indexing some m rows and m columns, respectively, of A.
Then A7 denotes the submatrix of A with rows and columns
indexed by T, i.e., A7 = [A%D]y ¢)er. Suppose I = A X B
given block partitioned matrices A = [A;;] and B = [By].
For any two subsets 71 and T2 of V x V, I'7y 1, denotes
the submatrix of I' with block rows and columns indexed
by Ty and T, ie., Iy, = [Aje ® Biglg et .qets-
Following [7], an operator C(-) is used in Sec. V-B. Consider
A € R"P*mP with (k, [)th m x m submatrix A®®. Then C(-)
operates on A as

AdD AP JA - AP

Cce)
—

APV ||p - AP

APD .. AP IF
with CA*Y) = |A®9 || and C(A) € RP*P. Now consider
A1, Ay € R™*™ with (k, [)th m x m submatrices A*"
and Agke), respectively, and Tracy-Singh product A} KA, €
RO X Then C(-) operates on A1 XA, as C(A1 XAy) €
R with caht) @ Aty — ity ® AL,

(_||A("1"')|| ||A(k2£2)||p) That is, each m? x m? submatrix

A(kle'}®A(k2£2 ) of A1 A, is mapped into its Frobenius norm.

Il. SYSTEM MODEL

We will call G considered earlier a single-attribute graphical
model for x. Now consider p jointly Gaussian random vectors
zi € R™ i € [p]. We associate z; with the ith node of an
undirected graph G = (V,&) where V. = [p] and edges
in &£ describe the conditional dependencies among vectors
{zi, i € V}. As in the scalar case (m = 1), there is no edge
between node i and node j in G iff random vectors z; and z;
are conditionally independent given all the remaining random
vectors [7]. This is the multi-attribute Gaussian graphical
model of interest in this paper.

Define the mp-vector

x=z] z; - z,]" €R™. (1

Suppose we have n i.i.d. observations x(¢), t = 1,2, --- , n,
of zero-mean x. Our objective is to estimate the inverse
covariance matrix (E{xx'})~! and to determine if edge
{i,j} € &, given data {x(#)}]_,. Let us associate x with
an “enlarged” graph G = (V 5 ), where V. = [mp] and
E C VxV.Now [zj]¢, the £th component of z; ass001ated with
nodejof G = (V, &), is the random variable x, = [x],, where
gq=(G—Dm+4L,je [p]and £ € [m]. The random variable
x4 is associated with node g of G = (V, 5). Corresponding
to the edge {j, k} € &€ in the multi-attribute G = (V, &), there
are m? edges {g, r} € & specified by ¢ = (j — 1)m + s and
r = (k—1m+1t, wheres, t € [m]. The graph G = (V, €)isa
single-attribute graph. In order for G to reflect the conditional
independencies encoded in G, we must have the equivalence

.k} ¢& & EWNE=yp
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where

g(jk):{{%r} cg=G—Dm+s, r=(k—Dm-+t,
s, t € [m]}.

Let Ry, = E{xx"} > 0 and = R_!. Define the (j, k)th
m x m subblock V%) of @ as

(RO = [Q1—1ymts.k—1ymir, 81 € [ml.  (2)

It is established in [7, Sec. 2.1] that 7Y = 0 < {j, k} € .
Since QU9 = 0 is equivalent to [R], = 0 for every
{g, r} € £U0 and since, by [2, Proposition 5.2], [R],, = Oiff
X4 and x, are conditionally independent, hence, iff {g, r} & & s
it follows that the aforementioned equivalence holds true.

IIl. PENALIZED NEGATIVE LOG-LIKELIHOOD

Consider a finite set of data comprised of # i.i.d. zero-mean
observations x(¢), t = 1, 2, - - - , n. Parametrizing in terms of
the precision (inverse covariance) matrix €2, the negative log-
likelihood, up to some irrelevant constants, is given by

L(R) = —In(|Q) + tr ():sz) 3)

where

1
= Zx(r)me. “)

3

In the high-dimensional case (n < p or n comparable to p),
to enforce sparsity and to make the problem well-conditioned,
we propose to minimize a penalized version L(R) of L(R)
where we penalize (regularize) both element-wise and group-
wise. We have

L(R) = L) + aP(R) + (1 —)Pe(R), (5
mp
Po(®) =D ps (|IR15]) (6)
i#]
14
Py@ =m Y o (12991 ) )
q#t

where 99 e R ™ is defined as in (2), A > 0, « € [0, 1],
m in (7) reflects the number of group variables [14], and for
u € R, p; (u) is a penalty function that is function of |u|. In (6),
the penalty term is applied to each off-diagonal element of
2 and in (7), the penalty term is applied to the off-block-
diagonal group of m? terms via @Y. The parameter o €
[0, 1] “balances’ element-wise and group-wise penalties [8],
[12], [13].
The following penalty functions are considered:

e Lasso. For some A > 0, py (1) = Mu|, ueR.
o Log-sum. For some A > Qand 1 > € > 0, p,(u) =

A€ In (1 + leﬂ)
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e SCAD. Forsome A > Oanda > 2,

Alul, lu] <A,
2aiu| — |ul® — A2 N N
0.(1) = a—1) s A<lul<a )
Aa+1
resD, Ul = ak.

In the terminology of [21], all of the above three penalties are
“n-amenable” for some @ > 0. As defined in [21, Sec. 2.2],
05.(u) is p-amenable for some p > 0 if

(i) The function p,(u) is symmetric around zero, i.e.,
p.(u) = pi.(—u) and p,(0) = 0.

(ii) The function p, (u) is nondecreasing on R .
(iii) The function p;, (u#)/u is nonincreasing on R .

(iv) The function p, (u) is differentiable for u # 0.

(v) The function p; (1) + %uz is convex, for some © > 0.
(vi) limy o+ 2228 = 3,
It is shown in [21, Appendix A.1], that all of the above three
penalties are p-amenable with u = 0 for Lasso and u =
1/(a—1) for SCAD. In [21] the log-sum penalty is defined as
() = In(1 + Au|) whereas in [16], it is defined as p, (1) =
Aln(1+ Li' . We follow [16] but modify it so that property
(vi) in the definition of p-amenable penalties holds. In our
case L = % for the log-sum penalty since % = —Xle/(e+
ul)? for u # 0.

The following properties also hold for the three penalty

functions:

(vii) For some C, > 0 and §, > 0, we have

px(u) = Cylul for |u| < 6. €))

(viii) dg?jr) < A foru # 0.
Property (viii) is straightforward to verify. For Lasso, C) = A
and §, = oo. For SCAD, C;, = X and 6, = A. Since In(1 +
x) > x/(1 + x) forx > —1, we have In(1 + x) > x/C; for
0 <x <C;—1,C; > 1. Take C; = 2. Then log-sum
o (u) > %|u| for any |u| < €, leading to C), = % and 6, = €.
We may and will take C;, = 2 for lasso and SCAD penalties

as well. A B
We seek £ = arg ming, g L(£2).

IV. OPTIMIZATION
The objective function E_(SZ) is non-convex for the
non-convex SCAD and log-sum penalties. In this section we
discuss an ADMM approach, following the ADMM approach
given in [8] for sparse group lasso, to attain a local minimum
of L(R) w.rt. Q.

For non-convex p;, (1), we use a local linear approximation
(LLA) to py(u) as in [4] and [17], to yield

pr.(w) ~ pa(luol) + o5 (Juo)(Jul — luol), (10)
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where ug is an initial guess, and the gradient of the penalty
function is

for log-sum,
luo| + €
A, if |ug] < A

ar — |uo| (11)

/ —
;. (luol) = ,ifA < Jug| < ar

0, if ak < |uo|
for SCAD.

Therefore, with ug fixed, we need to consider only the term
dependent upon u for optimization w.r.t. u :

p3.(u) = p;(luol) |ul. (12)

By [17, Theorem 1], the LLA provides a majorization of

the non-convex penalty, thereby yielding a majorization-

minimization approach. By [17, Theorem 2], the LLA is the

best convex majorization of the LSP and SCAD penalties.
Thus in LSP, with some initial guess €, we replace

A€
P[] = Aejjj i= —=——, (13)
! TR + €
(ko) . Ae
o (1Y) = Agre = G (14)
177 ||F + €

The solution fllam to the convex sparse group-lasso-
penalized objective function may be used as an initial guess
with & = 2,55, Similarly, for SCAD, we have

oo i[RI <A
hejij = u[?h' if A < |[R];] < ar (15)
o, 7 it an < €151
h it (2% 17 <
hose = =19 12595 <an - (16)
[ 0, ‘ ifan < 1%

With LLA, the original objective function is transformed to
its convex LLA approximation

L(R) = L(R) + aPo(R) + (1 — @)P(R),  (17)

mp
Po(R) =D ke | [R5 (18)
i#]
. 4
Po(R)=m D kg gl 1. (19)
g#t

For lasso, we have A, ;; = A Vi,jand Ag gy = A Vg, {.
We follow an ADMM approach, as outlined in [8], for both
lasso and LLA to LSP/SCAD. Consider the scaled augmented
Lagrangian [24] for this problem after variable splitting,
given by

L,(R,V,U) = L)+ aP(V)

(1= Py(V) + gnsz _VLUE (0
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Algorithm 1 ADMM Algorithm for Sparse-Group Graphical
Lasso

Require: Sample covariance ) (see (4)), regularization and
penalty parameters A, ;; (i,j € [mp]), Agke (k, € € [p]),
and p = p, tolerances 7, and t,,;, variable penalty factor ¢,
maximum number of iterations #,,,,y. In1t1a1 guess 2.
Ensure: estimated inverse covariance € and edge-set é
1: Initialize: U® = v© = 0, QO — Q, where U,V ¢
Rmp)x(mp) p(O) =p
2: converged = false, r = 0
3: while converged = false and ¢ < f,,4, do
Eigen-decompose o o™ (V(’) - U(t)) as ¥ —
p (Vv —U®) PDP" with diagonal matrix
D consisting of eigenvalues. Define diagonal matrix
D with ¢th diagonal element Dgg = (=Dy +
VD32, +4p0)/(2p"). Set @UFD = PDPT.
5:  Define soft thresholding scalar operator Ty (a, 8) =
(1 — B/lal)+a. Set AXD = (QUHDYkO 4 (ynyko),
The diagonal m x m subblocks of V are updated as

A, ifu=v
[(V(t+1))(kk)]uv — (L;CL]’() the
Tst([Ak Tuv, 0 ) ifusv
k elpl, u,veml,i=(k—-1)m+tu,j=k—1m+v.
The off-diagonal m x m subblocks of V' are updated as

(VYo — g1 - W)
POIBllF 7+
where k # £ € [p], m x m B has its (u, v)th element as
[Bluv = Ta(IA*O Ny, ahe i/ p®), i = (k — Dm + u,
j=€—-1m+v.
6:  Dual update U'tD = U® + (@D —
: Check convergence. Set tolerances

V(t+1)).

Tori = MP Taps + Trer Max([| RV g, [V p)

Tdual = MP Taps + Trel ”U(H—I)HF//O(I)-

Define d, = [|QUTD — VvUFD|p and d; =
pOVITD — VO g 1 (d) < Tpri) and (dg < Tduar):
set converged = true.

8:  Update penalty parameter p :

20" ifd, > ¢da
Pt =1 p®O 2 ifdy > pd,
p otherwise.

We also need to set U = UV /2 for d, > ¢d,
and U'HD = 20D for dy > pd,.
9: t<t+1
10: end while
11: Fork # €, if |[V*O ||z > 0, assign edge {k, £} € &, else
{k,t} & &. Inverse covariance estimate = V.

where V. e RO")X0") reqults from variable splitting, and
in the penalties we use V instead of €2, adding the equality
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constraint V. = , U is the dual variable, and p > 0 is the
“penalty parameter™ [24].

The main difference between [8] and this paper is the
fact that Py(V) and P,(S2) are penalized slightly differently
in the two papers (the factor m is missing from [8]). For
non-convex penalties (not considered in [8]), we have an
iterative solution: first solve with sparse group-lasso penalty,
then use the LLA formulation and solve the resulting adaptive
lasso type convex problem. In practice, just two iterations
seem to be enough. A pseudo code for the ADMM algorithm
used in this paper is given in Algorithm 1 where we use the
stopping (convergence) criterion following [24, Sec. 3.3.1]
and varying penalty parameter p following [24, Sec. 3.4.1].
See [8] for further details; note that by construction, QU+ iy
step 4 of Algorithm 1 is positive definite. Our ADMM-based
optimization algorithm is as follows.

1. Calculate sample covariance ¥ as in (4). Initialize
iteration m = 1, 2”0 = (diag(2))"!, @ = 2 and
use € to compute A ;’s and Ag k. ~

2. Execute Algorithm 1 with initial guess 2.

3. Quit if using sparse-group lasso, else set Q0" = © and
Q = Q" o re- compute A, ;;’s and Ag 4¢’s via the LLA.
Setm < m—+ 1.

4. Repeat steps 2 and 3 until convergence. The converged
€ is the final estimate of the inverse covariance. (For the
numerical results shown in Sec. VI, we terminated after
two iterations of steps 2 and 3, similar to [4] and [17].)

A. CONVERGENCE AND MODEL SELECTION

In the LLA approach, each approximation yields a con-
vex objective function, therefore, convergence to a global
minimum of £(2) is guaranteed. Overall it is a majorization-
minimization approach, hence, after repeated LLA’s, one
gets a local minimum of the original non-convex objective
function. In practice, two iterations seem to be enough: first
run Algorithm 1 for lasso, then using lasso-based LLA, run
Algorithm 1 once more.

For model selection we follow the BIC information
criterion as discussed in [8]. Let Qand & =i J} Vil >
0, i #j}, V as in Algorithm 1 after convergence) denote the
estimated inverse covariance matrix and estimated enlarged
edge-set, and let |€| denote the cardinality (# of nonzero

elements) of £. Noting that Q is symmetric with nonzero
diagonal elements, the number of free nonzero elements of
Q equal %IE’ | + pm. The BIC is then given by

BIC(A, &) =

1
(52— + ) (LE) @

based on the optimized negative log-likelihood — In fx (X)
1(tr(EQ) — In|R), where X = {x(1)}"_, and fx(X) is the
joint probability density function of X. The pair (A, ) is
selected to minimize BIC. Unlike [8], in this paper to simplify
computations, we fix ¢ = 0.05 and select A to minimize
BIC(, 0.05) by searching over a grid of values for synthetic
data. For real data, we search over both A and « as follows.
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Fix o = 0.05 and select the best A by searching over a grid
of values, and then with this optimized A, select the best o by
searching over a grid of values in [0.01, 0.3].

In our simulations we search over A € [A¢, A,], where Ag
and A, are selected via a heuristic as in [8]. Find the smallest
A, labeled Ay, for which we get a no-edge model; then we
set Ay = Agn/2 and Ay = X,/10 for both synthetic and
real datasets. For the numerical results presented in Sec. VI,
we picked fmax = 200, 5 =2, ¢ = 10, Taps = Trer = 107*in
Algorithm 1. For the SCAD penalty a = 3.7 (as in [4]) and
for the log-sum penalty € = 0.0001.

V. THEORETICAL ANALYSIS

Here we analyze the properties of Q = arg ming. g /5(52).
Since the SCAD and log-sum penalties are non-convex,
the objective function is non-convex and in general, any
optimization of the objective function will yield only a
stationary point or a local minimum. We now allow p and
A to be functions of sample size n, denoted as p, and A,,
respectively. Recall that we have the original multi-attribute
graph G = (V, &) with |V| = p, and the corresponding
enlarged graph G = (V, &) with |V| = mp,,.

A. ANALYSIS WITHOUT IRREPRESENTABILITY
CONDITIONS
We assume the following regarding G.

(A1) Denote the true edge set of the graph by £*, implying
that £ = {{j, k} : [[()F|r > 0, j # k} where
©* denotes the true precision matrix of x(¢). Assume
that card(£*) = |£¥| < s7.

(A2) The minimum and maximum eigenvalues of (mp,) X
(mpy,) true covariance X* > 0 satisfy

0 < Bmin < ¢min(z*) =< ¢max(2*) < Bmax < 0.

Here Bmin and Bmax are not functions of n (or py,).

Let @ = arg ming, o L(). Theorem 1 establishes local
consistency of € (the proof is in Appendix A).
Theorem 1 (Local Consistency): For t > 2, let

Co =40 klél[%]([):*]kk)\/ N1/ In(pn), (22)
R =8(1 +m)Co/B2:,, (23)

o =\ mpy + 1253 In(pa) /1 = o(1), 24)
N :21n(4m2p,§), (25)
Ny =argmin {n : r, < 0.1/(RBmin)}. (26)
N3 =arg min {n Ty < 16_3}’ 27

ing ) (@10 (21
N4 = arg min {n P < G2 _]iﬁo 127151 ], (28)
a

)\ni =2COV ln(pn)/n’ (29)
At =Co(m + 1)ra/(my/s5), (30)
A2 =min (Rry, Apy1) . (31)

VOLUME 13, 2025

gnder_assumptions (A1)-(A2), there exists a local minimizer
Q of L(R2) satisfying

IR — % < Rr, (32)

with probability greater than 1 — 1/pZ =2 if

n
(1) for the lasso penalty n > max{Ny, N2} and X, satisfies
Ane = An = Al
(ii) for the SCAD penalty n > max{Ni, N2, N4} and X,
satisfies A, = A2,
(iii) for the log-sum penalty n > max{Nj, N2, N3} and A,
satisfies A,e < Ay < Ajul-
For the lasso penalty, Qisa global minimizer whereas for the
other two penalties, it is a local minimizer. e
Remark 1 (Convergence Rate): In terms of the rate of
convergence, ||fl — Q*||p = Op (ry) = Op (r,/m) for fixed
m. Therefore, for ||fl — *||F — 0asn — oo, we must have
(pom~ ' + sty In(p,)/n — 0. Notice that mp, + m2sj is the
maximum number of nonzero elements in *. [
We follow the proof technique of [21, Lemma 6] in
establishing Lemma 1 (the proof is in Appendix B).
Lemma I (Local Convexity): The optimization problem

Q= arg min L(R), (33)
QeB
B={R:2>0, |2 <0.99 i}, (34)
o0 . lasso
=14 +(a—1)/m: SCAD (35)
Je/mhy) log-sum,

consists of a strictly convex objective function over a convex
constraint set for all three penalties where X, is as in

Theorem 1. .
Lemma 1 and Theorem 1 lead to Theorem 2, as proved in
Appendix B.

Theorem 2: Assume the conditions of Theorem 1. If Rr;,, 4
1/Bmin < 0.99 [, then Q as defined in Lemma 1 is a unique
minimum, satisfying all results of Theorem 1. e

Remark 2: We see from Theorem 1 thatas n — o0, A, —
0 (since r, = o(1)), therefore, we eventually have “global”
convexity for log-sum penalty by (35) for any £*. But such
is not the case for SCAD where one may need a to become
large in which case it would behave more like lasso. [

We now turn to graph recovery. Define

E=lig.0: 198 > 0,09 2¢}, @6
e =llg.0 1@l =0.9£¢), 6D
0, =Rry, (38)

v = min_ 1@, (39)
N4 =arg min {n o, < 0.41)}, (40)

where R and r,, are as in (23) and (24), respectively. We follow
the proof technique of [28, Theorem 10] in establishing
Theorem 3 whose proof is in Appendix B.
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Theorem 3: For 6, = 0.5v and n > Ny, £ = &£ with
probability> 1—1/ pf,_z under the conditions of Theorem 1.
[ )

Remark 3: In practice we do not know the value of v,
hence cannot calculate 6,, needed in (36). For the numerical
results presented in Sec. VI, we used 6, = 0. Using some
irrepresentability conditions (not needed in Theorem 1) and
the primal-dual witness method, in Theorem 4(iv) of Sec. V-B
we establish a result similar to Theorem 3 but with 6,, = 0.
That is, additional sufficient conditions on the system model
lead to sharper results in Sec. V-B. O

B. ANALYSIS WITH IRREPRESENTABILITY CONDITIONS
Here we impose additional conditions and obtain sharper
results. Now we follow the primal-dual witness technique
of [5], originally used in the context of element-wise lasso
penalty for single-attribute graphs. The technique of [5] was
extended to group-lasso penalty for multi-attribute graphs in
[7]. In this paper we apply the primal-dual witness technique
in a sparse-group non-convex penalty setting. Some prior
results in an element-wise non-convex penalty setting are
in [20] and [21].
Denote the true extended graph edgeset € by £*. Define

S=E"U{{k, £} : k=€ € [pal} S pal x [pal, (41)
S=&EU{lij) : i=j€mpal} S Impyl x [mpy],
(42)
=@ R@) (43)
P=g'ma " (44)
kre = [C(T%.9) Dlloo (45)
ire = (T8 ) .00 (46)
ks = [C(Z")1,00 47)
kxe = [ 2*1,00 (48)
d, = maximum degree of S, 49)
d,, = maximum degree of S. (50)

In (49), d, is the maximum number of non-zero elements
per row of C(*), and similarly d, in (50) is the maximum
number of non-zero elements per row of Q*. As discussed
in Sec. II, with the true graph G* = (V, &%), V = [pal,

we associate an enlarged graph G* = (V,&%, V = [mpyl,
such that corresponding to an edge f = {k, £} € £*, there
are m? edges {i,j} € £ specified by i = (k — Dm + ¢,
j= {—=1)m+r,q, r € [m]. Tokeep notation light, for an edge
f =1k, L} € £*, we use e,« to denote an edge {i, j} € £* that
corresponds to one of m? edges of £* associated with edge
f. Similar notation will be used for edges in (£*)¢ and (£*)°,
and edges in S and S¢. Using this notation, assume that for
some y € (0, 1], the following irrepresentability conditions
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hold:
ma>g||0(r}f,s<r§,s>”)||1 <l-y, (51)
max |IT3 s(C59) 7' < 1—y. (52)
EfEf

With~C0 and N; as defined in (22) and (25), respectively,
define Co = mCqy and

42
Ns = 36 d%cw( + —) Coln(py) max {3, k2l ),
y

(53)
2 44~ 2 4 6
No=36d2(1+ ;) C2 In(py) ke kS., (54)
i} 44 ..
N, = 36d3(1 + —) m2C2 In(py) kel (55)
y

Let BAE_(SZ) denote the sub-differential of E_(SZ) at 2. Suppose
that 2 is a solution to

0 €3L(Q), (56)

which is a first-order necessary condition for a stationary
point of £(£2). Theorem 4 addresses some properties of this
Q.

Theorem 4: For the system model of Sec. II, under the
irrepresentability conditions (51)-(52) for some y € (0, 1],

if
4 1
A = 2y [ 2P) (57)
)/ n

then for n > max(Ny, N5, Ng, N7) and for any t > 2, there
ex1sts a statlonary point Q of £() satisfying with probability

—1/pi 72,

(i) 1C(R = @9)lloc < 26p+(1 + 3)mCoy/ L2,
(i) @5c =0. A
(i) |IC(R — L9)|IF < /s} +Pu IC(R — %) || 0.
(iv) Additionally, if miny_ ¢es [(9)* O > dier=(1 +
%)mCo\/@ then P(€ = £%) > 1 — 1/pf

={ia.01 - 19" 1 > 0.9 £ ¢}. .
The proof of Theorem 4 is given in Appendix C.
Lemma 1 and Theorem 4 lead to Theorem 5, as proved in
Appendix C. First define

~2 where

R= 2,@*(1 + ;)mCo, (58)

ln(Pn)

Fn =/ (s + pn) (59)

Theorem 5: Assume the conditions of Theorem 4, and as
in assumption (A2), suppose that Bmin < Pmin(X*). If R?n +
1/Bmin < 0.99 [, then Q as defined in Lemma 1 is a unique
minimum, satisfying all results of Theorem 4. e

Remark 4: In terms of the rate of convergence, ||C(Q —
QY |r = Op (7). Therefore, for ||C(2— Q%) || — Oasn —
oo, we must have (p,+s;) In(p,)/n — 0. This is similar to the
results of Theorem 1 (see Remark 1). But unlike Theorem 1,
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TABLE 1. F; scores, Hamming distances, normalized Frobenius norm of estimation error 12 - 2*| F/112*[|), and timing, for the synthetic data examples
(p = 100, m = 4), averaged over 100 runs (standard deviation o in parentheses).

n [ 200 400 800

[ 200 400 800

A’s picked to maximize F1 score

ER graph: F; score (o)

BA graph: F; score (o)

Lasso 0.742 (0.065) 0916 (0.032)  0.983 (0.011) | 0.573 (0.058) 0.784 (0.067)  0.918 (0.048)

Log-sum | 0.804 (0.046) 0.964 (0.008) 0.998 (0.002) | 0.647 (0.053) 0.886(0.044)  0.983 (0.017)

SCAD 0.752 (0.072)  0.931 (0.017)  0.988 (0.007) | 0.590 (0.062)  0.800 (0.075)  0.933 (0.053)
ER graph: Hamming distance (o) BA graph: Hamming distance (o)

Lasso 113.4(18.24)  39.60 (13.78)  08.49 (05.50) | 181.4(68.10) 80.66 (18.54)  31.38 (14.98)

86.91(17.52)  18.01 (04.26)
1057 (21.39)  34.63 (08.74)

Log-sum
SCAD

0.880 (0.898)
06.16 (03.48)

128.3 (10.15)  41.32(13.59)  06.45 (06.14)
161.6 (46.10)  71.55(19.23)  24.89 (16.26)

ER graph: Est. error (o)

BA graph: Est. error (o)

Lasso 0.335(0.008)  0.303 (0.010)

0.266 (0.010)

0.268 (0.005)  0.241 (0.003)  0.212 (0.005)

Log-sum | 0.307 (0.008)  0.227 (0.008)  0.170 (0.007) | 0.265 (0.004)  0.214 (0.004)  0.164 (0.006)

SCAD 0.313 (0.008)  0.222 (0.007)  0.149 (0.005) | 0.304 (0.028) 0.217 (0.004)  0.152(0.010)
ER graph: Timing (s) (o) BA graph: Timing (s) (o)

Lasso 1.897 (0.140)  1.895(0.251)  1.891(0.059) | 2.038 (0.358)  1.932(0.315)  1.958 (0.277)

Log-sum | 7.604 (0.819)  6.251 (0.185)  5.765(0.228) | 6.902 (0.236)  6.431(0.263)  5.857 (0.341)

SCAD 5.158 (0.455)  5.291(0.243)  5.027 (0.237) | 6,574 (0.808)  5.473 (0.437)  5.133 (0.302)

ER graph: F1 score (o)

A’s picked to minimize BIC

BA graph: F score (o)

Lasso | 0.329(0.147)  0.813 (0.085)
Log-sum | 0.766 (0.083)  0.942 (0.021)

0.965 (0.039)
0.996 (0.004)

0.414 (0.149)  0.622(0.158)  0.901 (0.068)
0.582 (0.120)  0.859 (0.076)  0.936 (0.099)

ER graph: Hamming distance (o)

BA graph: Hamming distance (o)

Lasso 1239.(538.2)  125.6 (167.3)
Log-sum | 136.3 (70.81)  27.54 (10.01)

019.1 (023.2)
01.88 (01.64)

739.1(781.3)  255.3(204.9)  36.15(19.49)
240.1 (185.7)  48.29(20.05)  20.91 (30.22)

by Theorem 4(ii), we have the oracle result: Qs =0 just as
Q5. = 0, i.e., all absent edges in the true graph are absent
in the estimated graph with high probability. Such a result
does not exist for Theorem 1. Also, the comments made in
Remark 2 apply here as well. Finally, Theorem 4 does not
need a minimum amplitude condition like (28) in Theorem 1
for SCAD. O

VI. NUMERICAL EXAMPLES

We now present numerical results for synthetic as well
as real data to illustrate the proposed non-convex penalty
approaches. In the synthetic data examples the ground truth
is known which allows for an assessment of the efficacy
of various approaches. In the real data example our goal is
visualization and exploration of the conditional dependency
structure underlying the data since the ground truth is
unknown.

A. SYNTHETIC DATA: ERDOS-RENYI AND
BARABASI-ALBERT GRAPHS

We consider two types of graphs: Erdos-Renyi (ER) graph
and Barabdsi-Albert (BA) graph [29], [30]. In the ER graph,
p = 100 nodes are connected to each other with probability
Per = 0.05 and there are m = 4 attributes per node whereas
in the BA graph, we used p = 100 and mean degree of 2 to
generate a BA graph using the procedure given in [30]. In the
upper triangular 2, we set [V, = 0.5~ forj = k € [p],
s,t € [m]. For j # k, if the two nodes are not connected in
the graph (ER or BA), we have QU — 0, and if nodes j
and k are connected, then [ng)] st 1s uniformly distributed
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over [—0.4, —0.1] U [0.1, 0.4] for s # ¢, otherwise it is zero.
Then add lower triangular elements to make 2 a symmetric
matrix. Finally add 81 to €2 and pick § so that the minimum
eigenvalue of R is 0.5; this is similar to the simulation
example 3 in [7, Sec. 5.1]. With ®®T = (@ + s)~!,
we generate x = ®w with w € R™ as zero-mean Gaussian,
with identity covariance. We generate 7 i.i.d. observations for
x, withm =4, p = 100, n € {200, 400, 800}.

Simulation results based on 100 runs are shown in
Table 1 for ER and BA graphs where the performance
measures are Fi-score and Hamming distance (between
estimated and true edgesets £ and &%) for efficacy in edge
detection, normalized estimation error |2 — Q*||z/||R*||F
and execution time (based on tic-toc functions in MATLAB).
All simulations were run on a Window 10 Pro operating
system with processor Intel(R) Core(TM) i7-10700 CPU
@2.90 GHz with 32 GB RAM, using MATLAB R2023a.
We used the ADMM algorithm (with LLA for non-convex
penalties) given in Algorithm 1 with « = 0.05 for all
three regularizations: lasso, log-sum and SCAD. It is seen
that log-sum penalty outperforms lasso and SCAD with
F1 score or Hamming distance as the performance metric.
For n = 800, SCAD yields smaller estimation errors in
estimating € but its performance in terms of F score and
Hamming distance metrics is, in general, poor. In practice
we do not know the ground truth, hence cannot pick A to
maximize the Fj score. In Table 1 we also show results
for lasso and log-sum penalties when X is picked based the
BIC information criterion as discussed in Sec. IV-A with
o = 0.05. Here again the log-sum penalty outperforms lasso.
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FIGURE 1. Estimated precision matrices based edge weights for financial time series using proposed log-sum penalty with BIC for 1
selection. (a) Lasso, single-attribute case (m = 1, p = 97) with |[@]y, I, k, ¢ € [97] as edge weight. (b) Lasso, multi-attribute case (m = 4,

p = 97) with ||fz
weight. (d) Log-sum, multi-attribute case (m = 4, p = 97) with ||sz

|| £k, £ € [97] as edge weight. (c) Log-sum, slnile-attrlbute case (m = 1, p = 97) with |[@],], k, ¢ € [97] as edge
||F- k, ¢ € [97] as edge weight. In all figures, the red squares (in

dashed lines) show the 11 sectors - they are not part of the edge weights.

B. REAL DATA: FINANCIAL TIME SERIES

We consider daily high, low and close-of-the-day share
prices and daily trade volume (m = 4) of 97 (p = 97)
stocks in the S&P 100 index from April 1, 2015 through
April 1, 2020, yielding 1259 samples. This data was gathered
from the Yahoo Finance website. Let [z;(¢)]¢ denote the
fth feature ({ € [m]) of the ith stock on day t. Then
we consider (as is conventional in such studies) [x;(t)]; =
In([z;(¢)]¢/[zi(t)]e) as the time series to analyze, yielding n =
1258, m = 4 and p = 97. These 97 stocks are classified into
11 sectors (according to the Global Industry Classification
Standard (GICS)) and we order the nodes to group them
as information technology (nodes 1-12), health care (nodes
13-27), financials (nodes 28-44), real estate (nodes 45-46),
consumer discretionary (nodes 47-56), industrials (nodes
57-68), communication services (nodes 69-76), consumer
staples (nodes 77-87), energy (nodes 88-92), materials (node
93), utilities (nodes 94-97). For each i and ¢, [x;(t)]; was
centered and normalized to unit variance. We applied the
BIC criterion for A selection using log-sum penalty as well
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as lasso, for two cases: m = 4, and m = 1 where only the
close-of-the-day share prices were used. To apply BIC,
with ¢ = 0.05, we selected the best A as detailed in
Sec. IV-A, and then using this optimized A, we selected the
best o by searching over a grid of values in [0.01, 0.3]. The
resulting estimated precision matrices based edge weights
are shown in Fig. 1. In the multi-attribute case (m = 4,
Figs. 1b and 1d), we get 1517 and 684 edges for lasso
and log-sum regularizations, respectively, whereas in the
single-attribute case (m = 1, Figs. la and lc) we get
1021 and 128 edges for lasso and log-sum regularizations,
respectively. The multi-attribute graph exploits many more
relevant features compared to the single-attribute graph which
cannot use more than one feature. The log-sum penalty yields
sparser graphs for both single-attribute and multi-attribute
cases, compared to the lasso penalty.

VIl. CONCLUSION

We investigated multi-attribute graph learning using a
penalized log-likelihood objective function where both
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convex (sparse-group lasso) and non-convex (sparse-group
log-sum and SCAD) regularization functions were consid-
ered. An ADMM approach coupled with a local linear
approximation to non-convex penalties was presented for
optimization of the objective function. We established
sufficient conditions in a high-dimensional setting for consis-
tency, local convexity when using non-convex penalties, and
graph recovery. Two alternative sets of sufficient conditions
were investigated, with and without some irrepresentability
conditions. With irrepresentability conditions we could
establish sharper results such as the oracle property (Theo-
rem 4(ii)) and maximum error bound (Theorem 4(i)). While
the non-convex penalized log-likelihood objective function
results in a non-convex optimization problem, Theorems 2
and 5 specify conditions under which it becomes a con-
vex optimization problem. These conditions favor log-sum
penalty over SCAD. Numerical results based on synthetic and
real data were presented to illustrate the proposed approaches.
In the synthetic data examples the log-sum penalized objec-
tive function significantly outperformed the lasso penalized
as well as SCAD penalized objective functions with F'|-score
and Hamming distance as performance metrics.

APPENDIX A

LEMMA 2 AND PROOF OF THEOREMS 1

Lemma 2 follows from [5 Lemma 1] and [9, Lemma 1].
Lemma 2: Suppose ) = (I/m) >}, x(H)x T (1), given n

i.i.d. samples {x(#)};_, of zero-mean Gaussian x € R"” with

covariance X* such that each component x;/ \/ET’: is Gaussian

with unit variance. Define 0,,,c = max|<j<p, X}; and

Co = 40 MOpar /2 In(n2p3)/ In(py). (60)

Then for any 7 > 2,

P(ICE = 29w > CoVinp)/n) =< 1/pi2 (61)

and
P(I% = 29l > Cov/ina/n) < 1/pi2 (©2)

ifn > 2ln(4m2p;), where Coy = Co/m. °
Proof: The bound (61) follows from [9, Lemma 1] when
[9, Lemma 1] is applied to Gaussian distributions. Both
[5, Lemma 1] and [9, Lemma 1] are stated for sub-Gaussian
distributions, and the latter is based on the former. The
bound (62) follows similar to (61). |
Proof of Theorem 1: Let @ = * + A with both , * >~
0, and

0(R) := L(N) — L(2F). (63)

The estimate € minimizes Q(£2), or equivalently, A=Q-
Q* minimizes G(A) = Q(R* + A). We will follow the
method of proof of [8, Theorem 1], which, in turn, for the
most part, follows the method of proof of [23, Theorem 1]
pertaining to lasso penalty. Consider the set

©,(R) = {A - A=AT, |A|lF =an} (64)
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whgre R and r, are as in (23) and (24), respectively. Since
G(A) < G(0) = 0, if we can show that info{G(A) : A €
®,(R)} > 0, then the minimizer A must be inside ®,(R), and
hence ||&||F < Rry. Itis shown in [23, (9)] that

In(|R* C A]) — In(|*) = tr(T*A) — A (65)
where, with H(2*, A, v) = (" +vA) ' @(2*+vA) ! and
v denoting a scalar,

1
Aq zvec(A)—r (/ (1 —vVH((Q*, A, v)dv ) vec(A). (66)
0

Noting that Q! = X, we can rewrite G(A) as

G(A) =A; +Ar + A3 + Ay, (67)
where
Ay =tr ((5: - ):*)A) , (68)
mpn
Av=a Y (0095 + Agh - p(25D).  (69)
i,j=Li#j
Pn
Ag=(l=am > (@ + A p)
g:.t=1;q#L
— o (I@) ). (70)
Following [23, p. 502], we have
1 IAl7 IAl7 )
=201+ 1ADE = 4 (.- 2
2T HIAD = 5 (51 4 ks,)
where we have used the fact that ||Q*|| (5~ =

Pmax (T ™Y = (@min(T*) ™! < B and Al < |AllF
Rr,,. We now consider A, in (68). We have

mpy mpp
= > [E-Z ],,A,Z+Zz T adi (72)
i,j=1;i#f

Ly L

By Lemma 2, the sample covariance 3 satisfies the tail bound

P max’[i: _ ):*]k,’ oW LGN (73)
k.l n - (pn)r72

for T > 2, if the sample size n > N (N is defined in (25)).
To bound L1, using Lemma 2, with probability > 1 —1/, p;_Q,

_ - _ In(p,)
Ll = 1A max (5~ 7] < 14 ||1co,/%.

(74)

Similarly, by Cauchy-Schwarz inequality, Lemma 2 and (24),

In
L] < A Coyf 2P (p”

In
<G (”" VI |AT |p < [IAY|pCorn.  (75)
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Therefore, with probability > 1 — 1/pf =2,

_ In(p,,)
|A2| < |A™ [t Coy/ T" + AT Cora. (76)

We now derive a diffegent bound_ on Aj. Define & € RPn*Pn
with (i, j)-th element A;; = ||AD ||, where AW is defined
from A similar to (2). By Cauchy-Schwarz inequality,

Mpn
1A= = D 1A <=m|A |,
ij=1;i#j
p"l
+ (1A —gatn).  an
k=1

=B

. ~ ~+
Then using > [A®]1 < m3, A < mypallA” |IF,
we have

In(p,) In(p,) &
|La| + Coy/ —— Bsco,/ﬂ(z 1A% )
n n =1

o
< [|A " [[p/m Cory.

Therefore, an alternative bound is

In(p,,)

n

< <+
|Az| < m|lA |l1 Co + Vm | A" |FCorn.  (78)

For the rest of the proof we have two different approaches,
one for lasso and log-sum and the other for SCAD penalty.

For Lasso and Log-Sum Penalties: We now bound
Az in (69). Let E* denote the true enlarged edge-set corre-
sponding to £* when one interprets multi-attribute model as
a single-attribute model. Let (£*)¢ denote its complement.
Using the mean-value theorem, we have (pi(u) = M)

du
P2 (1925 + Ayl = pa (125D
+ Pi(IszI)(IQ?} + Ayl = 125D (79)
where |S~2ij| = |Q;;| + y(|Q;;. + Ajjl — |Q;.|) for some y €
[0, 1]. We have
Az=a D p(QuDA2 + Ayl — 125
(i.j)eE*
+a > ey (80)
(if)e(E*)
>—a > p0GDIAl+a D CilAyl
(if)eEr (ieE*)F
for |Aj] < 6, 8D
using the triangle inequality and (9) in the last step above.

Now use property (viii) of the penalty functions and C, =
A /2 to conclude that

Ay = —aky D |Agl+a0a/2) D 1Al (82)
(i.j)e€* (i.)eE*)y

Next we bound A4 in (70). Considering the true edge-set £*

for the multi-attribute graph, let (£*)¢ denote its complement.
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If the edge {i,j} € (£%), then (|R*)® = 0, therefore,

(129D + AD|p — (@D || = |AD 5. For (i, )} € €%,

by the triangle inequality, |(*) % + AD ||z — ("D >

—|A®D||p. Thus, mimicking the steps for bounding As,
we have

Ay =1 —amr, . [ADp
(ij)eE
+ (1 —aymOa/2) >

(Pe(ER)F

Split Ay as Ay = aAr + (1 — a)As, apply bound (76)

to @Az and (78) to (1 — a)Az, use A7l = [|AZ |1 +

IA .l and [A [ = [ Agll + | Ageycll1. Define dy =

@, then r, = \/mp, + m?s* d;. We have

IAD|F. (83)

aAr+A3 = —alAg| + ahn 0S| A L, Il = [AZ, 1)
>a(0.50, — Cod) D |A]
(if)e(E*)F
— O+ Cod) D 1Al —aCora|ATF. (84)
(i.j)eE*

Since we pick A, > A,¢ in Theorem 1, 0.54, — Cod; >
0 and therefore, the first term above can be neglected. Now
Z(i,j)eé* Al < ,/mzsj;||A||p, by the Cauchy-Schwarz
inequality, and IAT|F < ||A]lr. We then have

aAr+A3 > —a (()\-n + Cody)y/m?s}; + Corn) [AllF. (85)
Similarly, we have
(1 —a)Ar4+A4 > —(1 —a)m
x (G + Codi)/55 + Cora) 1Al (86)
From (85) and (86) we have

Ar+Asz +Aq4 > —|AllF (Anm\/ﬁ + Codimy/si + mCorn)

= | Allr (Ramy/s; + (1 +m)Cory)
> —2(1 +m)Corl|Allp 37

where we used the fact that since A, < Ayu1, Agmy/sh <
Co(1 + m)r,. Using (67), the bound (71) on Ay, bound (96)
onAj + A3 + Ay, and |A||F = Rr,, we have with probability

>1—1/pi72,

z(ﬂr;]n + an)2 R

For the given choice of N2, Rr, < Rry, < 0.1/Bmin forn >
Na. Also, 2Co(1 +m)/R = B2. /4 by (23). Then for n > Na,

min

1 2Co(1 +m) 1 1
- 2 > Biinl==—-) >0
2B + Rra) R 242 4

implying G(A) > 0. This proves (32). The choice of N3 for
log-sum penalty ensures that |Aj;| < 8, = € needed in (81)
is satisfied w.h.p.: if Rr;, < €, then |[Aj| < ||A||F < Rry, < €.

1 2CH(1
G(A)zIIAII%[ _ 2 +’")] (88)
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For SCAD Penalty: Here we address (79) differently. Using
triangle inequality, we have

1251 = 1951 + v (1951 — 1451 — 1951)
> 1951 — 1A, (89)

Since |Ajj| < |[A]lF < Rry, the choice A, = A2 implies that
An = Rry, satistying |A;;| < A,. Therefore, [€2;;| > |Q;’j‘.|—kn
Forn > Ny, p; (12;]) = 0 (see (28))if {i, j} € £*,i.e, |Q;;| #
0, since in this case || > (a+ 1)A, — A, = ar,. Asin (80),
we have

Az=a D p(QD025 + Ayl — 195
(i, )eE*
+a > p(AD
(DeE)F
>a > Gilagl for |Ayl <6, (90)
(e
= a(a/2) D 1Ayl O1)
(e

Mimicking the steps for bounding A3 above and under same
conditions, we have

Ag= (1 —amOn/2) D IAD e (92)
(i.)e(E*)
Thus
aAr+A3 = —alAa| + 05| Az
> (054, — Codi) D 1Al
(i )eE*)
—aCodi D" 1A;l—aCoralAT|F.  (93)

(ij)eéx

Since we pick A, = max (Rry, A1) in Theorem 1, 0.5, —
Cod;1 > 0 and therefore, the first term above can be neglected.
Now Z(i,j)eé* |Ajj| < /m?sk||A| F, by the Cauchy-Schwarz
inequality, and || AT ||z < ||A|r. We then have

aAr+A3 > —a (Cod1 m2s} + Corn) [AllF. (94

By very similar arguments we also have

(I -a)Ar24+As > —(1 —a)m
x (Codr /55 + Cora) I1AlF. - 99)

From (94) and (95) we have

AgtAs + Ay = — | Allp (Codimy/55 + mcorn)
> —(1 + m)Cora|| Al (96)
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where we used the fact that Codim,/si < Cory. Mimick-

ing (88), with probability > 1 — 1/p;_2, we have
1 (1 +m)Cy
G(A) = A7 | ——— 5 -
Z(ﬁmin + Rry) R
>B2 L L >0 97)
—rmin\242 8 ’

implying G(A) > 0. This proves (32). For the SCAD penalty,
we need [A;| < 8, = A, in (91). Since |Ay| < [|AllF <
Rry, the choice A,, = Ap,» implies that A, > Rry, satisfying
[Ajj| < Ayn. This completes the proof. |

APPENDIX B

PROOFS OF LEMMA 2 AND THEOREMS 2 AND 3

Proof of Lemma 1: Consider h(R) = L(R) — ||SZ||F for
some > 0 The Hessian of £(2) w.r.t. vec(2) is VZE(SZ)
Q'@ Q! with

Pmin(V2L(R)) =¢2, (271 = 1/¢2,(R) = 1/]|2].
(98)

Since V2h(R) = 7' @ @' — ul 2, it follows that h(f2)
is positive semi-definite, hence convex, if

1
e < /—. 99)

m
By property (v) of the penalty functions, g(i) = p,(u) +
%uz is convex, for some u > 0, and by property (ii), it is non-
decreasing on R . Therefore, by the composition rules [31,

Sec. 3.2.4], g(|[£2];;]) and g(||SZ(q()||F) are convex. Hence,

mpl‘l
P+ ZE191F = 3 (end(1205]) + 57 12[7)
i#j
(100)

is convex for . = u > 0, and similarly,

Py(@) + 22 ||s2||F —m Z(M(HQWHFH g Q@02 )
q#t
(101)

is convex for g = mu, where u is the value that renders

p(u) + Lu? convex. Express £(R) as
L(R) = aL(R) + (1 — a)Ly(R), (102)
L@ = L@ - S0} + i@ + S121E. (103)
L) = L) — SIRF + P + TIRAE (104

Now £, () is convex function of € if [| || < \/E Land £4(2)

is convex in R if || < ./~ = ./-L. Thus, for £(R) to
Hg mu
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be strictly convex using the (minimum) values of u to make
05.(u) + 242 convex, we require

el < a
o) : lasso
=1 ./a—1)/m: SCAD (105)
e/ (mhy) log-sum,

The choice ||| < it makes L(2)— % I SZ||12V positive definite,
hence strictly convex. We take || 2| = 0.99 1, completing the
proof. |

Proof of Theorem 2: If 1/Bmin < 0.99 1, then * € B
since ||2*|| < 1/Bmin by assumption (A2). Now we establish
that € € B. To this end, consider

12 < 12— @] + |
< Q- || + 127
< Rr, + l/ﬂmin‘
Therefore, Qe B Thus, both Q and * are feasible. The

desired result then follows from Theorem 1 and (local) strict
convexity of £L(2) over 3 implied by Lemma 1. |

~ (gl ~
Proof of Theorem 3: We have ||52(q - @9 < |R—
Q*||F < 6, w.h.p. For the edge {q, £} € £*, we have

(106)

T N0
12717 = 1@ + @7 — (@9
540
> (@) Ol — 127 — (@9
>v—0, >0.6v for n> Ny
>n- (107)

Thus, &* < €. Now consider the set complements (£*)¢ and
£¢.For the edge {g, £} € (£, |(2*)9O|p = 0. Forn > Ny,
w.h.p. we have

— (@)
(108)

~ (q€) ~ (qt)
127 1F < 1(R999)F + |1
<040,<04v <0,,

implying that {g, £} € (£*)°. Thus, (£*)° € €€, hence £ €
E*, establishing £ = £*. |
APPENDIX C

TECHNICAL LEMMAS AND PROOFS OF THEOREMS 4 AND
5

In this Appendix, we prove Theorems 4 and 5. A first-order
necessary condition for minimization of non-convex £(),
given by (5), w.r.t. € R"™»X"Pn ig that the zero matrix
belongs to the sub-differential of E_(Sl) at the solution €. That
is, at @ = fl

0 €3L(R) = L + 2dP(R) + (1 — a)dP,(R)
=-Q '+ aan(Sl) + (1 — a)mr, Y (R) (109)
where 1,Z(®) € 9 z:’;f; o (1Q41) €  RmPexmpn

the sub-differential of (possibly non-convex) element-wise
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penalty term for i # j, is given by
ve[—l 1], if Q;; =0

—L if Qi 0 : lasso
=1 T2y T 7 (110)
Ceij if Q # 0 : log-sum
D, if Q;; #0 : SCAD,
Q..
Cui __ ¢ e/ (111)
€+ IQij| €25
if 0 < |Qji] < Ay
oy o
D.jj = % Lif Ay < |Q4] < ahy (112)
a—1 [l
0if ar, < 2],

and 1,Y(R) € m~'9 30, 5, (12€9)|F) € R the
sub-differential of (p0531b1y non-convex) group penalty term
for k # £, is given by

VeR"™ |V|F =1,

if |40 =0
(ko)
Y@n*0 =1 —if |R%D|p £0 : lasso (113
(¥(@) TR r# (13
kit Q%O F £0 : log-sum
| DYV if Q%95 #£0 : SCAD,
€ Sz(kﬂ)
ck0 — , (114)
£ e+ 1990 1249
(kt) .
nsz%k—“uF if0 < |Q%9)F < 1,
«) a— 12 /n, KO
DY = a1 2%, (115)

if Ay < 1249 F < ar,
0 if ar, < || %O p.

We have [[Z®)];] < 1 and |(Y(@) O =
Ivec(Y (@) D), < 1 for all three penalties; note that
[Z(R)];; = 0 fori = jand (Y (R))*® = 0 for k = ¢. Suppose
that € is a solution to (109) which is a first-order necessary
condition for a stationary point of L(£2). Theorem 4 addresses
some properties of this Q.

Let € be a stationary point of L(£2) under the constraint

Qs = 0,i.e., Qisasolutionto 0 € 8(£(9)|95c: ) Define
A= —Q (116)
RA =2 — @) '+@)'Aa@)", (117)
W=3%_3%* (118)
Lemma 3: If |Alloo < 1/(3iks+d,) then
3. _
IR(A)lloo < Sdn I AIZAS: (119)
If [C(A)|loe < 1/(B3kx+dy) then
3
ICR(AN]Ic < dn IC(A) 2o k3es. (120)

Proof: The bound (119) is proved in [5, Lemma 5] and
the bound (120) is proved in [7, Lemma 9]. |

VOLUME 13, 2025



J. K. Tugnait: Multi-Attribute Graph Estimation With Sparse-Group Non-Convex Penalties

IEEE Access

Lemma 4 establishes sufficient conditions under which £
is also a solutionto 0 € 8/5(52).

Lemma 4: If max (||W||oo, ||R(A)||oo) < yXiy/4 and
max ([|C(W)lloo, ICR(A))loo) < ymhn/4, then 0 €
BE(Q)} P .

Proof: This is a key step in the primal-dual witness
approach of [5] for single-attribute graphs and that of [7] for

multi-attribute graphs. With

X(R) = arZ(R2) + (1 — @)mr, Y (), (121)

(109) can be expressed as T — ffl + X(fl) = 0.
~ o~ N ~—1 ~
By construction of £, 2gc = 0and X5 — (2 )s+X(Ry) =
0. For the uncorlstrained problem, we need to show that (109)
holds for 2 = 2, equivalently,
N ~—1 ~
g — (2 )s+X(Rs)=0,

A ~—1 ~
E5e — (@ Do + X(se) = 0.

(122)
(123)

Now (122) is true for the constrained problem. It remains
to show that X(Rg) = (fl_l)sc — igc is a valid
solution to (123) with Z(Sgc) and ¥ (Rs¢) satisfying the sub-
differential conditions (110) and (113) for every ef € f € S,
so that & qualifies as a stationary point of £(). To this end,
we first rewrite (109) as

T (@ +@)TA@RH T —R(A) + X(R) = 0.
(124)

In terms of m x m submatrices of A, ¥, * and X ()
corresponding to various graph edges, using bvec(ADB) =
(BT X A)bvec(D) [26, Lemma 1], we may rewrite (124) as

I*bvec(A) + bvec(W — R(A)) + bvec(X(2)) = 0, (125)

which then can be rewritten as

T§g T§g ][ bvec(Ag) bvec((W — R(A))s)
T§e g Tie g | [bvec(Ase)| | bvec(W — R(A))se)

N bvec(X(Rs))] [0
bvec(X(Rse))| ~ |0]°
Since Agc = flgc — Slzic = 0 by construction, (126) reduces
to

(126)

I'5 g bvec(As) + bvec(W — R(A))s)

+ bvec(X (R25)) = 0, (127)
T'§c gbvec(As) + bvec(W — R(A))sc)
+ bvec(X (R25¢)) = 0. (128)

By construction of Qasa stationary point of £(£) under
the constraint Age = 0, (127) is satisfied. It remains to
show that (128) is true. Substituting for bvec(Ag) from (127)
into (128), we have

bvec(X (R5¢)) = T o(T% o)~ (bvec((W — R(A))s)

+ bvec(X(flg))) — bvec((W — R)gc). (129)
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Using (121), we split (129) as

ok brec(Z(Rse)) = T §e (T5 )7
x (bvec((W — R(A))s) + A bvec(Z(fzS)))
— abvec((W — R(A))sc), (130)
(1 — a)mh, bvec(Y (2s¢)) = (1 — “)r§6,s(r§,s)_l
x (bvec((W — R(A))s) + m, bvec(Y (2 S)))
— (1 — a)bvec((W — R(A))se). (131)
A sg)lution for Z(S:lsc) is obtained via (130) and a solution for
Y (25c) is obtained via (131). Using the notation as explained
in Sec. V-B, consider an edge f € S¢ (implying ||SZ}"||F =
0) with ef denoting one of the corresponding m? edges in
the corresponding enlarged graph (implying |ij| = 0).
By (130), with A = rjf,s(r;t’s)—l e RIXm) o — 5],
we have
hn |Z(Re,)] < |Abvec(W)| + |A bvec((R(A))s))|
+ o [A bvecZ(Rs))| + (W, | + [(R(A)), |
< AT (IW oo + IR oo + A 1Z(25)l1oc)
+ [Wlloo + IR(A)l 0o

(132)

(133)

Using (52) and the fact that |Z(S~Zeg)| < lforanye, € g €S,
we have

21 Z@e) < 2 = ) (IWlloo + IR(A)log) + An (1 = ¥)

SC=Y)Yr/2 4 A (1 —y). (134)
Thus
~ y? oy
IZ(SZef)ISV—7+1—V—1—7<1, (135)

establishing that (130) holds for some Z(flef) with
|Z(R,)| < 1 (strict feasibility) for any ef € f € S. We now
turn to (131) where we need to show |[|vec(¥Y (/))ll2 < 1,
Y(Rr) € R™7, for any f e S§° By (131), with B =
I} (T5 )7 € R™™), 5 = S|, we have

miy |Ivec(Y ()]l < |Bbvec(Ws)ll2
+ B bvec((R(A))s)|l2 + mhy ||B bvec(Y (2s))l|2

+ lIvec(Wp)ll2 + Ivec(R(A) 2 (136)
= Ie@®) (Il + ICRA o
+ i [CY @5 Dlloo) + 1CW)loc
+ ICR(A) o (137)

where we used the fact that |[Bbvec(Wyg)llo =< |
CB)|1IC(Ws)|loo following [9, Eqn. (80)] (see also
[7, Lemma 13]). Using (51), the fact that ||Vec(Y(fZg))||2 <
1 for any g € S, and the bounds on ||C(W)|s and
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IC(R(A))|| 0, We have

i [vee¥ @)z < @ = ) (ICW)los
+ ICRA s ) + mi (1= 7)

= @Q=y)ymin/2 +mhrp (1 —y). (138)

Thus

= y? y?
[vec(Y ()2 <y — > +1—-y=1- 5 < 1, (139)

proving that for some Y(flf) with ||vec(Y(flf))||2 =

||Y(flf)||F < 1 for any f € S¢, (131) holds. Satisfaction

of (130) and (131) implies that of (129), and hence, that

of (125) and (124), yielding the desired result. |
Lemma 5: Suppose that

r+ = 2k (ICOW) oo + miy)

< min ( (140)

1 1 )
3K2*dn ’ 3K[‘*K%*dn ’

Then € = €* + A of Lemma 4 satisfies ||C(A)|loo < 7. ®
Proof: Define the closed ball

B(r):={As : |[C(As)llo <1} (141)
and the gradient mapping (109)
GR): =% - ' +X(Q). (142)

By construction G(Rs) = %5 — (s + X(R) = 0 and
Qge = 0. As in (124),

G(R* + A) = (29'A@") ™ —R(A)

+ W+ X(QF+ A). (143)

Since £5c = 0, we have Agc = 0. Vectorizing and using
decomposition as in (127), we have

bvec(G(L25 + Ag)) = I's gbvec(As)

+ bvec((W — R(A))s) + bvec(X (Rs)).  (144)

Define a mapping F(Ag) on B(r) as
F(Ag) := —(T'% §)"'bvec(G(R} + As)) + bvec(Ag)

= (T (bvec((w —R(A)s) + bvec(X(fzS))).
(145)

The proof technique of [5] (see also [7]) is to show that
F(B(r)) < B@) (ie., F(As) maps As € B(r) to
F(As) € B(r)). Since the mapping F is continuous and
B(r) is compact, by the Brouwer’s fixed point theorem
[32, Theorem 9.2] F(B(r)) C B(r) implies that there exists a
fixed point Ag € B(r) such that F(Ag) = bvec(Ag), which,
in turn, leads to G(R25 + Ag = G(fs) = 0 establishing
that the fixed point is a constrained stationary point of £(£2)
with ||C(A)|lec < r since Age = 0. It remains to show that
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F(B(r)) € B(r). By (145), in a manner similar to (137),
we have

ICFAsDlse = 1CT5 5 .00 (ICW)

+ IC(R(A) oo + IIC(X(fls))Iloo). (146)

Since |Z(S~leg)| < 1 for any ¢, € g € &,
lvec(Z(82¢))[l2 < m using the Cauchy-Schwarz inequality.
Also, ||vec(Y (,))|l2 < 1 for any g € S. Using these two

facts and (121), we have
ICX (R5)lloo < @hn|CZ(R5))l|oo
+ (1 — a)man[|CCY (R5)) oo

< ariym+ (1 —a)mh, = mk,. (147)
Therefore,
IC(F(As)loo < kr+ (ICW)lloo + ICR(A) |l + mhy).
(148)

Since r < 1/(Bkx+dy) and ||C(As)|leoc < r, by Lemma 3,
ICR(A oo < (Bdn/2) IC(A)|Z3... Hence

S}

r

K+ |CR(A)) oo < 3krednicsar? /2 < 5

N | =

r
=—. (149
5 (149)
Thus

IC(F(As)loo < % + 0 (ICW) oo + m)
r r

=—+=-=r.

2 2

Therefore, F(Ag) € B(r), yielding the desired result. W
We now turn to the proof of Theorem 4.
Proof of Theorem 4: Here we first verify the conditions
in Lemmas 3-5. Pick XA, as in (57). By Lemma 2, this choice
ensures that |[C(W)|eo < yAym/4 and |[W|e < yi,/4

(needed in Lemma 4) with probability > 1—1/, pn_2 provided
the sample size n > N| = 2 ln(4m2p;). Now consider

(150)

r = 2kr+ (ICW)lloo + mhy) < 2+ (1 + %)mkn

= 2 (14 ;)C‘o\/ln(l?n)/n-

In Lemma 5 to satisfy (140), we pick n > Ns which ensures
that with probability > 1 — 1/pf =2,

2 (1 + %)Co,/ln(pn)/n < min (

(151)

1
SKE*dn ’ 3K[‘*K%*dn)'
(152)

By Lemma 5, we have ||C(A)|lc < r < 1/QBkxxd,),
which invoking Lemma 3 implies that |C(R(A))|lcc <

(3/2)duica IC(A)12, < (3/2)duic3. r2. Therefore, we have
ICR(AN oo

< (6 i i (1 + %)zéom)yxnmm. (153)

We pick n > Ng so that |C(R(A)]lco < yA,m/4 with

probability > 1—1/, p;_z. It remains to show that in Lemma 4,
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the condition ||[R(A)|lcc < yA,/4 holds. To this end we
impose an additional condition on (151) as

4. . 1
r < 2k« (1 + =) Cov/In(pp)/n < ——, (154)
Y 3kswdy
i.e., modify the bounds on r given in Lemma 5 as
: 1 1 1
remin(t—r —— ——). (59
3ks+dy 3K1"*KE*dn 3ky+d,

By Lemma 5 and (155), we have [|Alloc < IC(A)low <
r < 1/Bkxxdy), whic_:h invoking Lemma 3_ implies
that [R(A)loe < (/duicy. IAIZ < (3/duics. .

Therefore, we have
IR(A)]lo
- 4 - A
< (6d,,/c%* ICI%* (1 + ;)szo ln(pn)/n)yzn.

We pick n > N7 so that [|[R(A)||cc < yA,/4 with probability
> 1 -1 /p;_z. Thus, we have proved Theorem 4(i).
Theorem 4(ii) follows from Lemma 4. To prove part (iii),
consider

(156)

~ ~ (k,0)
IC@—@9lr= [ D 12 —@H*0|3
{k,t}eS
< V/sp+pnlC@— 2o, (157)

where in the last step above we used the Cauchy-
Schwarz inequality. Finally, to establish part (iv), note that
parts (i)-(iii) hold with probability > 1 — 1 /p;’2 (with
high probability (w.h.p.)). If ming pes (%O > 2|
C(2 — 29| o0,

IC(R — 2900 = IC(R — 2%)s5) 0o

<(1/2) mi Q90| . 158
_(/)(kr}}l)relsll( )had V2 (158)

For any edge {k, £} = f € S, using the Cauchy-Schwarz
inequality, we have

1/2) min (%O > (R — Q*
(/)(kr%relsll( ) E = IC xllF

> 12511 — 1911 F. (159)
therefore,
Qllr > 19 — (1/2) min [(*)*O
19f1lF = 1127 1lF — (1/ )aﬂl)gs (%) || ¢
> (1/2) min [(*)%O 0, 160
>/ )(kI,IgIelS ()" > (160)
while 2gc = 0 w.h.p. |

Proof of Theorem 5: We note that in terms of R and 7,

Theorem 4 implies that
IC@ — @) < RF. (161)

If 1/Bmin < 0.99 i1, then * € B since ||2*|| < 1/Bmin by
the stated assumption Bpin < Pmin(X*). Now we establish
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that @ € B. To this end, as in the proof of Theorem 2, consider
1921 < 1€ — || + 127
12 — 2|l + 127
IC( — 29)]IF + 127
RFy + 1/ Bin. (162)
Therefore, Qe B Thus, both Q and * are feasible. The

desired result then follows from Theorem 4 and (local) strict
convexity of £L(2) over 3 implied by Lemma 1. ]

I IA IA

IA
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