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Non-orthogonal multiple access (NOMA) can improve both the spectrum efficiency and the number of users in
wireless communication systems. In the downlink of NOMA, the base station superimposes multiple data flows
in the power domain and the users decode the information using successive interference cancellation SIC. The
performance of downlink NOMA systems is highly dependent on the power allocation scheme for all users. This
paper investigates the max-min fairness problem that maximizes the minimum achievable user rate, aiming to

ensure fairness for all users in downlink NOMA systems. Although the max-min fairness problem in downlink
NOMA systems is non-convex, we obtain its closed-form optimal solution in this paper. This result will be useful
for the analysis and design of future NOMA systems. Numerical results validate the correctness and effectiveness
of our closed-form optimal solution.

1. Introduction

Non-orthogonal multiple access (NOMA) has emerged as a key tech-
nology for the fifth generation (5G) and beyond wireless communication
systems (Dai et al., 2015; Ding et al., 2016; Islam et al., 2018; Mad-
dikunta et al., to appear). NOMA has recently received significant at-
tention since it enables the multiplexing of multiple users’ data on the
same time and frequency resource, which improves system spectral effi-
ciency (Dai et al., 2015; Islam et al., 2018; Xiao et al., 2018). The basic
idea of NOMA is that the base station serves multiple users in the same
channel resource block (e.g., same time and frequency). In the down-
link NOMA system, the base station superimposes the signals of different
users using superposition coding with an appropriate power allocation
in the power domain, and the receivers exploit successive interference
cancellation (SIC) to distinguish each other’s messages and remove the
multi-user interference. NOMA can improve the spectrum efficiency and
support a larger number of users in the wireless system.

Fairness is one of the most important performance metrics in down-
link NOMA systems. Fairness can be achieved through appropriate
power allocation of the superimposed, transmitted signals among all
users. The performance of downlink NOMA systems is highly depen-
dent on the power allocation scheme for all users (Wang et al., 2016).
Max-min fairness is a common performance measure widely adopted in
prior works, which is to maximize the minimum achievable user rate to
achieve fairness among all users.
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Researchers have investigated the fairness problem of the simple
case of two users in downlink NOMA systems, such as max-min rate
proportional fairness (Choi, 2016), max-min fairness and proportional
fairness (Zhu et al., 2017), and the optimal throughput fairness trade-
off (Xing et al., 2018). A sub-optimal solution for the joint optimization
of beamforming and max-min fairness in downlink NOMA systems were
proposed in Xiao et al. (2019). To ensure fairness of multiple users in
downlink NOMA systems, Timotheou and Krikidis (2015) proposed a
bisection-based iterative algorithm to obtain the optimal solution to the
max-min fairness problem. The algorithm proposed in Timotheou and
Krikidis (2015) was implemented with the bisection procedure and re-
quires an unknown number of iterations with a high complexity, which
limits its application in practical situations.

This paper investigates the problem of max-min fairness among all
users in downlink NOMA systems. Although the max-min fairness prob-
lem is non-convex, we provide a problem formulation and successfully
obtain the optimal solution in its closed-form. To the best of our knowl-
edge, there is no such closed-form optimal solution available in the prior
literature. The derived closed-form solution to the max-min fairness
problem of downlink NOMA systems can help to quickly and efficiently
allocate the optimal power among all users to maximize the minimum
achievable user rate. It is suitable and useful for analysis and design
of future practical NOMA systems. Our contributions in this paper are
summarized as follows. We first provide the closed-form optimal solu-
tion to the max-min fairness problem of downlink NOMA systems. The
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derived closed-form optimal solution is efficient and easy to be imple-
mented in practical situations. We then provide a simulation study and
the numerical results validate our analysis.

The rest of this paper is organized as follows. We present the system
model and problem formulation in Section 2. The closed-form solution
is derived and proven in Section 3. Numerical results are presented to
demonstrate the effectiveness of the closed-form solution in Section 4.
Finally, conclusions are drawn in Section 5.

2. System model and problem formulation

We consider a downlink NOMA system where a base station (BS)
serves K users, denoted by U}, k € K = {1,2,...,K}. Both the BS and
the users are assumed to be equipped with a single antenna. The signal
transmitted by the BS can be expressed as

K
x = Z VB Psy,
k=1

where s, is the symbol of user U}, P is the total transmit power, and
Py is the fraction of total power allocated to user V). The f,’s satisfy
Zle B < 1. The received signal at user U, is given by

K
Ve = Z VB Physy + 2,
Py

where h; is channel coefficient from the BS to user U}, and z, ~
CN(0, ai) is the additive white Gaussian noise.

Each user applies SIC to decode its signal from the mix. Define N, =
af /112, k= 1,2,..., K. Without loss of generality, we assume that

@

(@)

N, <N, <..<Ng, 3

i.e., U, is the strongest user and Uy is the weakest user. Thus, U} is
able to first decode the signals of all users U; for i > k, and the remove
them from its received signal, and treats the signals from all users U;
for j < k as interference. Therefore, the signal to interference-plus-noise
ratio of U}, using SIC is written as

B, P
M = k_,k— (C))
i) BiP+ N,
And the data rate of V), is given by
P
LAV N %log<1+Hﬂk—>, k=12,...K )
Yo BiP+ N,

The performance of the NOMA system relies on the power allocation
among all users. In this paper, we investigate the optimization of power
allocation to ensure max-min fairness, which is to maximize the mini-
mum achievable user rate. The max-min fairness problem is formulated
as follows.

max min R Poy e
popax  min k(ﬂ;( b Bx)
s.t. i b <1 (6)
b 20, Vk e K.

Problem (6) is non-convex, and hence is hard to solve directly using
standard optimization solvers. Timotheou and Krikidis (2015) proposed
a polynomial-time algorithm to obtain the optimal solution by trans-
forming problem (6) into a sequence of linear programs. However, the
algorithm proposed in Timotheou and Krikidis (2015) is based on the
bisection procedure and requires an unknown number of iterations. In
this paper, we derive the closed-form optimal solution for the max-min
fairness problem (6).

3. Closed-form solution

The closed-form optimal solution to problem (6) is given in the fol-
lowing theorem.
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Theorem 1. The optimal solution to the max-min fairness problem (6) is
given by

k-1

DN

j=1i=1

ON, :
pr = —" NO* k=12, K, o)

where C; = - ( )' and 0 is the real positive root of the following equation

of degree K with the unknown X:

Z(Zc 7N, >XK’<+‘ -P=0.

k
Proof. In order to prove Theorem 1, we first provide a lemma.

®)

K

Lemma 1. The optimal solution to problem (6) must be obtained at Y. f, =
k=1

1.

The proof of Lemma 1 is given in the Appendix. According to
Lemma 1, problem (6) can be rewritten as

R, (By.Bos ... 9
. E;laxﬁ mm (B, P Px) ©
K
Zﬁk =1,
k=1
B >0, Vk € K.
It follows (5) that
B = 2Rk—1<2ﬁ, > k=1,2,...,K. 10)

For problem (9), it is obvious that the optimal solution will be obtained
at

Ry(By» - s Px) = Ry(By, ..., Bx) = ... = Rg(By, ..., Bg)- (11)
Let X = e2Ri — 1., Following (11), (10) can be rewritten as
k-1
B = K. (12)
i=1
Then, we have
k-1 XN
= citl xkoimie2 k k=12,...K 13
e g (w(Zer o))+ o
K
Due to the fact that ) g, = 1, we have
k=1
K fk=1/ j
> <2 <2 cl lN,-)Xk‘j“ + XNk> =P (14)
k=1 \j=1 \i=l
K
Z(Zc _JN>XK"‘+1—P:O. (15)
k=1 \j=

The solution X = ¢*Ri — 1 is optimal to problem (15), which is an
equation of degree K with unknown X. But problem (15) has K solutions
that may either be positive or negative, real or complex. According to
the constrain g, > 0, Vk € K, X must be real and positive. Fortunately,
the coefficients of the unknown X in (15) are
ak_ZCk’N >0, k=1,2,. (16)
The number of changes of signs in the sequence {a;,a,, ...,
the coefficients of polynomial

K k
k—j K—k+1
k=1 \j=I

ag,—P} of
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Table 1

Simulations parameter setting.
Parameter Value
Cell radius 1000 m
Minimum distance form user to BS 35m
Carrier frequency 2 GHz

Path loss model

Shadowing

Fading

Noise power spectral density
System bandwidth W
Number of users K

Total power P

128.1 + 37.6log,( d dB, where d is in km
Log-normal, 10 dB standard deviation
Rayleigh fading with variance 1

—174 dbm/Hz

5 MHz

5,20

now

is equal to 1. According to the Descartes Theorem (Mignotte, 1992),
problem (15) has only one real positive root. Denote the real positive
root of (15) as . Substituting 0 into (13), we can obtain the optimal
solution to problem (9) as follows.

N+ k=1,2,... K. a7

Ny 1
S a-D»

j=1i

fi- ‘,

—i
—i-1

k=1 j
"] J

|

4. Numerical results

In this section, we present the numerical results to demonstrate the
effectiveness of the derived closed-form solution to the max-min fair-
ness problem of downlink NOMA systems. We consider a hexagonal
cell of diameter 1000 m, with one base station located at its center and
K users distributed uniformly at random in the cell. The system band-
width is W = 5 MHz. The radio propagation model including path loss,
shadowing, and Rayleigh fading, and the parameters are the same as
in Lou et al. (2020). The simulation parameters and channel model are
summarized in Table 1. We compare the closed-form solution with the
proposed algorithm in Timotheou and Krikidis (2015).

We evaluate the closed-form solution and the proposed algorithm
in Timotheou and Krikidis (2015) in our simulations with a system
of K =5 users. The max-min rate of the 5 users is Ry =R, =... =
Rs = 8,278,940 bps, which is calculated directly by the closed-form
solution. The max-min rate of the 5 users obtained by the proposed
algorithm in Timotheou and Krikidis (2015) is also R; =R, =... =
R5 = 8,278,940 bps. But the proposed algorithm in Timotheou and
Krikidis (2015) obtained the same result with 27 iterations. When the
number of users is increased to K =20, the max-min rate of the 20
users is R; = R, = ... = R,0 =2,819,367 bps as calculated directly by
the closed-form solution. The proposed algorithm in Timotheou and
Krikidis (2015) obtains the same result after 31 iterations. The closed-
solution can compute the same optimal solution but at a greatly reduced
complexity as compared with the benchmark scheme.

5. Conclusions

This paper investigated the max-min fairness problem in a down-
link NOMA system. Although the max-min fairness problem is non-
convex, we were able to obtain the optimal solution in its closed form.
The closed-form solution of the max-min fairness problem of down-
link NOMA systems allows quick and efficient allocation of the optimal
power among users to maximize the minimum achievable user rate, and
is suitable and useful for the analysis and design of practical communi-
cation systems. Numerical results validate the correctness and effective-
ness of the closed-form optimal solution.
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Appendix A. Proof of Lemma 1

Proof. We use Proof by Contradiction in this proof. Suppose
that the optimal solution to problem (6) is obtained at g, =
Bi.....bx =PBx and Y f, <1. Denote the corresponding user
rates as R,(f,...,Pk), ..., Rg(By,....Bx). Let a=1- Zf:l B, and
we have «>0. Suppose that the maximum of minimum in
{R{(Bys., PK)s - s Rg(Bys .., Br)) i Ry(By, ..., Pg). Now we prove that
there always exists a new power allocation scheme {y, ..., yg } withy, >
0, for all k, and Z;If:] 7 = 1, which makes R,(y,,...,vk) > R/(B}, ..., fx)
and R (yy,..-,vx) = Ry(By, ..., Bx), for all k # 1.
There are two cases that need to be considered.
CASE1 R/By,...,Bx) is the only minimum

rate in

{Ry(B1s.... Bx). ... Rg(By, ..., Bi)}, e, Ry(By,....Bx) > Ri(By. ..., Bx)s
for all k # 1.
Ifl = K,lety, = yx = fx + aand y; = f, for all k # I. Then we have
Ri(r1 - vk) = Ry(Bro ... Bi). VE #1 (18)
_1 (B +a)P
RK(}/law-,YK)_ 2 10g (1 + Z/_Ii—llﬁ'lP+NK>
1 B P (19)
> 3 log (l + ,,;_]] E,P+NK>
:Rk(ﬂla---’ﬁK)'
This is a contradiction to that R,(f,, ..., fx) is the maximum of minimum
in {Ry(By,....PK)s ... Rg(By, ... Bg)}.
If I < K, set
&= “ —, (20
K-I I+m I+m—1 _
H { ﬁiP+NI+m}{ Z ﬂiP+NI+m}
m=1 | i=l i=1
e =B k=12,..,1-1, (21
n=pA+¢& (22)
I+m
_ n_ BiP+ N,
. BrenP [
Vien = Pran + 8 I+n—1 - H r+ml_| on=12.. . K-1I
Y BP+Ny, ! BP+ Ny,
i=1 i=1
(23)
Then, we have
Ri(riseosvk) = Re(Brooo By), k=1,2,...,1—1, (24)
1 B +oP
Ri(r1, - 1i0) = 3 log <1 e
Zi=1 ﬂiP + NI


https://doi.org/10.13039/501100001809
https://doi.org/10.13039/501100004543
https://doi.org/10.13039/100000001

S. Yang, S. Mao and B. Tan

3, P
2 Y BP+N,

= R[(ﬂla-“’ﬂ[(), (25)
Ry (ris -5 ¥k)
I+m
DianP n=1 _ZI BiP+Niim
7 +n i=
BLnP +EP I+n=1 _ 2 =1
BiP+Nigy ™= Z BiP+Nppy
=L 1og|1+ = =
2 2 I+m
I+n—1 n=1 FiuiP -1 '21 GiP+Niim
Z BiP+ Npy +EP+EP Y I+1—1 = I1 1+’;4
=1 =l 2 BiP+Npy || ’Zl PiP+Npym
i= i=
=R,(Bys. . Bx), n=1,2,... . K—1. (26)

This is a contradiction to that R,(f, ... , fx) is the maximum of minimum
in {Ry(By,....BK), ... Rg(Bys - Br)}-

There are L (L>1) equal minimums in
{Ry(Bys.. s BK)s - » Rg(Bys ..., fg)}. Let the L equal minimums
in {R,(Br.....Br)s s R B} e Ry By, f) = =
R, (By,....B)and |} < ...<Ij.Let A=a/L and set

y!
= —, @7

K-1, li+m li+m=1 _

0 { S arer {5 aren)

m= = =
0l =B k=12,....0, -1, (28)
0, =B, + m, 29)

Li+m
ﬂ_/ N P n=1 . ] ﬁiP+NI]+m
1+n i=

. _a
0’1"’" - ﬂll'”’ T I1+n—1 1_[1 Iy +m—1 ’ G0
. m= _
Z ﬂiP+N[]+n Z ﬂiP+Nll+m

i=1 i=1

n=12,....K—1,. (30)

Then we have

R0, ...,00) = Re(By, o i), k= 1,2, 0, — 1, 31
By, + u)P
Rll(el,...,ﬁk)zélog =
2,-]:1 ﬂiP+Nll
> Ry (B, - Br) (32)
Ry (0], ..., 04)
B G n—1 Ejm[i,PJerm
B snP + m P :w.f.ﬂl d Il ==
: T ApeN . (S Aren,
==log|1+ = = —
2 Ln=1 _ n—1 B P -1 IE BiP+N o
2 BP+ Ny +mP+uP v L Il 755
i= SHCZ APN g \MSY R PN
=R (B Br)y n=1,2,.. K —1,. (33)

For s =2,3,...,L, set

A
My = - o
K=l ((Ig+m Is+m=1
T O/P+Niy ey X 67'P+N,
m=1 i=1 ’ =l S
0}2:0;—1, k=1,2,...,1; -1, @
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0;: = 9;;__1 + Hs» (36)
I+m
91511 P n—1 ZI 9;_1P+le+m
s — ps—1 sth i=
t9154—;1 - 915,1+n +Hs Iy+n—1 1_[1 Is+m—1 ’
— m= —
Z:l eis Ip4 le+n Zl 0[,3 Ip 4 N/X_‘_m
i= i=
n=1,2.. K -1, 37

Then we have

R (0F,....08) =Ry (By.....Bx). k=1,2,....1, -1, (38)
By, + u)P
Ry (6F.....0L) = %log T
2L AP+N,
> R[](ﬂ_]s---sﬂ_K)7 39
Re(Of -, 0) = Ri(Br, o Br)s [y <k <y, (40)
0! + up)P
RO, .05 = Liog|14+ —0
: 2 Y2 le2p 4 N,
i=1 i b
> R[Z(ﬂ_la---sﬂ_l()7 41
Ry (OF,....00) = Ry(Br. ... Br)s 1poy <k <Ip, 42)
O +upP
Ry (0F.....05) = %log 1+ z[LflL—
=
Z,-=1 91‘ P+N1L
> R/K(ﬁ_l,m,ﬂ_K), (43)
T
1 Ip+n
Ry n(O0f .. 00) = S log| 1+ ——
z Zign eiLP+N/L+"
=Ry, pnBis o Br)s =12, K =1, (44)
0F >0, k=1,2,....K, 45)
K
Ze,f =1 (46)
k=1
It follows that
R.(OF,....08) = Ri(By. ... ), Yk # 11,0, ... 1y, 47
R OF, ..., 05) > Ry(By, ... Br), Ve =110y, 1p, (48)
0F >0, k=1,2,....K, (49)
K
Ze,f =1. (50)
k=1
This is a contradiction to that R, (8, ....fx) = ... = R;, (B, ..., fx) is the

maximum of minimum in {R;(B,, ..., fg)s ---» Rg(By, ..., Bx)}-
To sum up, the optimal solution to problem (6) must be obtained at

Zf:l Bo=1 014
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