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State Space Estimation
• Recall that the state space control required full state 

feedback.   You can not do state space control without 
feeding back the ENTIRE state vector.

• So what do we do, if we don’t have measurements of all 
steates?  We “estimate” them.
– Determine/Estimate/Observe/Generate all states from the model and 

the measurements that are available.
• Estimators are also called “observers”
• Estimators are also sometimes called “Filters”.

– A Kalman Filter is simply and optimized estimator/observer
• Note that Least Squares is an “estimator” for static systems

– These are systems where the parameters/states being estimated are 
constant (i.e. �̇�𝑥 = 0)

– Now we will see how to estimate parameters/states that are not 
constant using a dynamic model (i.e. �̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵)
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State Space Estimations
• Recall the full state space representation:

– x is nx1    (n=# of states and also the system order)
– y is mx1   (m=# of measurements)
– u is Lx1    (L=# of inputs)
– A is nxn
– B is nxL
– D is mxL (D is nearly always zero)
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�̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵
𝑦𝑦 = 𝐶𝐶𝑥𝑥 + 𝐷𝐷𝐵𝐵



Simple Estimator
• Lets try an “open loop” estimator (i.e. just use our 

model):

– Note �𝑥𝑥 is the estimate and 𝑥𝑥 is the actual state
• These are both vectors.

• Now lets define the estimation error:
�𝑥𝑥 = 𝑥𝑥 − �𝑥𝑥

• Then the time derivative of the estimation error is: 
�̇𝑥𝑥 = �̇�𝑥 − �̇𝑥𝑥

• Now, calculating the error dynamics:
�̇𝑥𝑥 = �̇�𝑥 − �̇𝑥𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵 − (𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵)

�̇𝑥𝑥 = 𝐴𝐴𝑥𝑥 − 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 − 𝐵𝐵𝐵𝐵
�̇𝑥𝑥 = 𝐴𝐴 𝑥𝑥 − �𝑥𝑥 = 𝐴𝐴�𝑥𝑥
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�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵



Simple Estimator
• So the Error Dynamics are:

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥
• Notice the differential equation is homogeneous

– So 𝑥𝑥 → 0
• Or does it?

– If A is stable (i.e. ALL the eigenvalues of A are negative)
– If our model is perfect

» Did you see that swept under the rug in the derivation on the previous page?
» Assumed A = �̂�𝐴 , B = �𝐵𝐵 , u = �𝐵𝐵

– No disturbances

• That is a lot of “ifs”
– And even IF those are true (which they never are) we can’t control how 𝑥𝑥 → 0

(i.e. we have no control over A).

• So how do we fix?
– Same way we did with controls (add feedback)
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Estimator with Feedback
• Adding feedback:

– Note �𝑦𝑦 is the estimate of y (i.e. a prediction of our 
measurement)

�𝑦𝑦 = 𝐶𝐶 �𝑥𝑥
– So we use the model and then add a correction term that 

is the difference between the actual measurement and a 
prediction of the measurement.

– L is the estimator gain matrix (size is n x m)
• Now lets look at the error dynamics

�̇𝑥𝑥 = �̇�𝑥 − �̇𝑥𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵 − {𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿 𝑦𝑦 − �𝑦𝑦 }
�̇𝑥𝑥 = 𝐴𝐴𝑥𝑥 − 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 − 𝐵𝐵𝐵𝐵 − 𝐿𝐿 𝐶𝐶𝑥𝑥 + 𝐶𝐶 �𝑥𝑥

�̇𝑥𝑥 = 𝐴𝐴 − 𝐿𝐿𝐶𝐶 𝑥𝑥 − 𝐴𝐴 − 𝐿𝐿𝐶𝐶 �𝑥𝑥 = 𝐴𝐴 − 𝐿𝐿𝐶𝐶 𝑥𝑥 − �𝑥𝑥 = 𝐴𝐴 − 𝐿𝐿𝐶𝐶 �𝑥𝑥
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�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − �𝑦𝑦)



Simple Estimator
• So the Error Dynamics are:

�̇𝑥𝑥 = (𝐴𝐴 − 𝐿𝐿𝐶𝐶) �𝑥𝑥
• Notice the differential equation is again homogeneous

– So 𝑥𝑥 → 0
• Or does it?

– If (A-LC) is stable (i.e. ALL the eigenvalues of (A-LC) are negative)
» However, we get to pick L (so set it to guarantee A-LC is stable)

– Still assumes a prefect model
» Assumed A = �̂�𝐴 , B = �𝐵𝐵 , u = �𝐵𝐵 ,𝐶𝐶 = �̂�𝐶

– No disturbances

• That is  still a lot of “ifs”
– However, the feedback aspect does help decrease the error
– Additionally, we can now set the estimator error dynamics (i.e. set how 𝑥𝑥 → 0 )

» This is done by selecting L to place the eigenvalues of (A-LC) to a desired 
location

» Sound familiar?  This was the same as with state space control. 
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Estimator
• Notice the similarity of the state space estimator and 

the state space regulator
�̇𝑥𝑥 = (𝐴𝐴 − 𝐿𝐿𝐶𝐶) �𝑥𝑥 𝑥𝑥 = 𝐴𝐴 − 𝐵𝐵𝐵𝐵 𝑥𝑥

• In fact, they are so similar we use the exact same 
command in matlab!

>>K=place(A,B,s_des)
>>L=place(A’,C’,s_des)’

– Recall an important transpose property:
(𝐴𝐴𝐵𝐵)𝑇𝑇= 𝐵𝐵𝑇𝑇𝐴𝐴𝑇𝑇

• This why we transpose A, C and the output of the “place” command 
for the estimator with Matlab.
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Introduce State Feedback
• New estimator differential equation is again 

homogeneous

– However, now I have the ability to make estimator 
ACL behave like I want

• I can set L to make ACL:
– Ensure stability
– Set specifications (bandwidth, overshoot, rise time, etc).

» All your 3140 knowledge is still useful with state space 
control design  

– The Estimator is using the model and the available 
measurements to generate an estimate of all the 
states
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�̇𝑥𝑥 = (𝐴𝐴 − 𝐿𝐿𝐶𝐶) �𝑥𝑥
�̇𝑥𝑥 = 𝐴𝐴𝐶𝐶𝐶𝐶𝑒𝑒𝑒𝑒𝑒𝑒 �𝑥𝑥



Solving for L

• Recall how to solve for the eigenvalues 
from state space representation:

– Or in matlab:
• >> eig(A)

• So now we substitute

– Where (for the estimator)
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𝑒𝑒𝑒𝑒𝑒𝑒 𝐴𝐴𝐶𝐶𝐶𝐶 ⇒ det 𝑠𝑠𝑠𝑠 − 𝐴𝐴𝐶𝐶𝐶𝐶 = 0

𝐴𝐴𝐶𝐶𝐶𝐶 = 𝐴𝐴 − 𝐿𝐿𝐶𝐶

𝑒𝑒𝑒𝑒𝑒𝑒 𝐴𝐴 ⇒ det 𝑠𝑠𝑠𝑠 − 𝐴𝐴 = 0



Solving for L
• So basically, we solve for L such that:

det 𝑠𝑠𝑠𝑠 − 𝐴𝐴 − 𝐿𝐿𝐶𝐶 = 𝑑𝑑𝑒𝑒𝑠𝑠𝑒𝑒𝑑𝑑𝑒𝑒𝑑𝑑 𝐶𝐶.𝐸𝐸.
– Sound familiar?

• Its essentially coefficient matching
– Where does the desired characteristic equation 

(C.E.) come from
• Same place as 3140 – from desired eigenvalue specs

– bandwidth, overshoot, settle time, rise time, etc.

– For 1st or 2nd order single output (i.e. single 
measurement) systems, solving for L (scalar or 
2x1 vector) is simple algebra

– Or use Matlab:   >>L=place(A’,C’,s_des)’
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Observability

• Is it always possible to solve for L such that the 
roots of det 𝑠𝑠𝑠𝑠 − 𝐴𝐴 − 𝐿𝐿𝐶𝐶 = 0 match our 
desired eigenvalues (s_des)?
– It is if the system is “observable”

• A system being observable means that it is 
possible to find a matrix L such that the 
eigenvalues can be placed anywhere I choose.
– Note the yaw dynamics are sometimes not 

observable
• If the vehicle is neutral steer, Vy is not observable from 

just a yaw rate measurement.
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Determining Observability

• Observablity is determined by checking the 
rank of the observability Matrix:

𝑂𝑂 = 𝐶𝐶 𝐶𝐶𝐴𝐴 ⋯ 𝐶𝐶𝐴𝐴𝑛𝑛−1 𝑇𝑇

– O will be nxn
– If O is full rank (rank=n), then the system is said 

to be “observable”
• Full rank means all the rows of O are independent
• Again, this simply means that there exists a matrix L 

such that the eig(A-LC)=sdes

– Matlab will form this matrix for you:
>>O=obsv(A,C)
>>rank(O)
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Additional Comments on Observability

• Additionally, a non-observable system doesn’t 
necessarily mean you can’t observe the 
system.  It simply means you can’t move the 
estimator eigenvalues anywhere you want.
– Matlab will give an error if the system is 

unobservable:
• “Can’t place the eigenvalues there”

– However, when running a Kalman Filter (beyond 
the scope of this lecture), an engineer doesn’t 
place the eigenvalues.

• So you don’t get Matlab to tell you its non-observable
• Therefore its absolutely critical to check the observability first!
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Picking Estimator Desired Eigenvalues

• So how do we select sdes for the estimator?
– Generally, we select them 5-10 times faster than 

the sdes for the controller
• Seems to make sense -> need the estimator to settle to 

the actual states before we should use them in control 
• However, we will see in a minute that is not exactly as 

critical as it seems
– Selecting slower eigenvalues provides more 

sensor filtering
– The “Kalman Filter” selects the gains (L) to be an 

“optimal” tradeoff between model error and sensor 
noise.
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Full State Estimation

• Note the estimator shown here will estimate 
the entire state vector x
– This seems a bit of overkill, since we only need to 

estimate the states we don’t have
– However, this does provide some filtering of the 

states we do measure directly
• So often this is what is done

• There is a method to only estimate the 
missing states
– Called reduced order estimator

• Rarely used, due to the desire to filter all 
measurements
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Separation Principle

• So, we designed the controller assuming full state feedback:

• But we didn’t have the full states available, so we built an 
estimator to estimate the full state vector:

• Now we substitute the controller with

• The Separation Principle states that the control design and 
estimator design can each be done independently and the 
result of one doesn’t effect the design of the other.
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𝐵𝐵 = −𝐵𝐵�𝑥𝑥

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − �𝑦𝑦)

𝐵𝐵 = −𝐵𝐵𝑥𝑥



Separation Principle
• This wording is a bit misleading as it appears to suggest the 

estimator design doesn’t effect how the controlled system 
will behave (but it does)

• What the separation principle actually means is that using
• in the system �̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵

– Where:

• Will result in the system having two sets of eigenvalues 
defined by:

𝑒𝑒𝑒𝑒𝑒𝑒 𝐴𝐴 − 𝐵𝐵𝐵𝐵
𝑒𝑒𝑒𝑒𝑒𝑒(𝐴𝐴 − 𝐿𝐿𝐶𝐶)

– In other words, the design of the estimator didn’t change the 
eigenvalues of the controller and the design of the controller doesn’t 
change the eigenvalues of the estimator 18

𝐵𝐵 = −𝐵𝐵�𝑥𝑥

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − 𝐶𝐶 �𝑥𝑥)



Separation Principle
• Looking at the controller and estimator:

�̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵

– Where:

• Can be combined into one state space representation:

�̇�𝑥
�̇𝑥𝑥 = 𝐴𝐴 −𝐵𝐵𝐵𝐵

𝐿𝐿𝐶𝐶 𝐴𝐴 − 𝐵𝐵𝐵𝐵 − 𝐿𝐿𝐶𝐶
𝑥𝑥
�𝑥𝑥 = 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑒𝑒𝑐𝑐

𝑥𝑥
�𝑥𝑥

Acombined is 2nx2n and will have 2n eigenvalues which will be 
the eigenvalues of     𝑒𝑒𝑒𝑒𝑒𝑒 𝐴𝐴 − 𝐵𝐵𝐵𝐵

𝑒𝑒𝑒𝑒𝑒𝑒(𝐴𝐴 − 𝐿𝐿𝐶𝐶)
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𝐵𝐵 = −𝐵𝐵�𝑥𝑥

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − 𝐶𝐶 �𝑥𝑥)

𝑦𝑦 = 𝐶𝐶𝑥𝑥



Testing Estimators

• You should always test your estimator before 
placing it into the control system (even in 
simulation).

• Test the step response
– Set the control input to zero
– Initialize �𝑥𝑥! = 𝑥𝑥 (!= reads as “not equal to”)
– Check that �𝑥𝑥 → 𝑥𝑥

• Test the dynamic response
– Provide some input such that x varies over time
– Check that �𝑥𝑥 → 𝑥𝑥
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Simple First Order Example

Given the model and measurement:

Solving for the closed loop estimator dynamics:

Solving for the closed loop characteristic equation:

Solving for the estimator gain to place the closed loop eigenvalue at -50:

So the state space estimator becomes:
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�̇�𝑥 = −1𝑥𝑥 + 𝐹𝐹

𝑦𝑦 = 𝑥𝑥

det{𝑠𝑠 + 1 + 𝐿𝐿 } = 0

�̇𝑥𝑥 = −(1 + 𝐿𝐿)�𝑥𝑥

𝑠𝑠 + 1 + 𝐿𝐿 = 0

𝑠𝑠𝑐𝑐𝑒𝑒𝑒𝑒 = −50

𝐵𝐵 = 49

�̇𝑥𝑥 = −�𝑥𝑥 + 𝐹𝐹 + 49(𝑦𝑦 − �𝑥𝑥)



Simple First Order Example

• In Matlab:
>>A=-1;B=1;
>>eig(A)   
>>L=place(A’,C’,-50)’
>>eig(A-L*C)
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𝐿𝐿 = 49



2nd Order (Pendulum) Example

Lets consider the linearized pendulum model

Picking some values for the pendulum and then placing 
into state space and assuming we only measure θ

Then designing a state space estimator

Results in
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𝐽𝐽�̈�𝜃 + 𝑏𝑏�̇�𝜃 + 𝑚𝑚𝑒𝑒𝑚𝑚𝜃𝜃 = 𝜏𝜏

�̈�𝜃 + 1�̇�𝜃 + 25𝜃𝜃 = 𝜏𝜏
�̈�𝜃
�̇�𝜃

= −1 −25
1 0

�̇�𝜃
𝜃𝜃

+ 1
0 𝜏𝜏

𝑦𝑦 = 0 1 �̇�𝜃
𝜃𝜃

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − 𝐶𝐶 �𝑥𝑥)

̈̂𝜃𝜃
̇̂𝜃𝜃

= −1 −25
1 0

̇̂𝜃𝜃
�̂�𝜃

+ 1
0 𝜏𝜏 + 𝐿𝐿( 0 1 �̇�𝜃

𝜃𝜃
− 0 1

̇̂𝜃𝜃
�̂�𝜃

)



2nd Order (Pendulum) Example

Solving for the closed loop estimator dynamics

Solving for the closed loop estimator characteristic equation

Choosing a desired closed loop response 5x faster than the 
controller from the previous lecture

or 
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𝐴𝐴 − 𝐿𝐿𝐶𝐶 = −1 −25
1 0 − 𝐿𝐿1

𝐿𝐿2
0 1 = −1 −25 − 𝐿𝐿1

1 −𝐿𝐿2

det 𝑠𝑠𝑠𝑠 − −1 −25 − 𝐿𝐿1
1 −𝐿𝐿2

= det 𝑠𝑠 + 1 25 + 𝐿𝐿1
−1 𝑠𝑠 + 𝐿𝐿2

= 0

𝑠𝑠 + 1 𝑠𝑠 + 𝐿𝐿2 − −1 25 + 𝐿𝐿1 = 0

𝑠𝑠2 + 1 + 𝐿𝐿2 𝑠𝑠 + (𝐿𝐿1 + 𝐿𝐿2 + 25) = 0

𝜔𝜔𝑛𝑛 = 70.71 𝑎𝑎𝑎𝑎𝑑𝑑 𝜉𝜉 = 0.707 𝑠𝑠 = −50 ± 50𝑗𝑗



2nd Order (Pendulum) Example
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Results in the following desired characteristic equation

Then solving for the control gains:

or 𝐿𝐿 = 4876
99

So the estimator becomes:

𝑠𝑠2 + 100𝑠𝑠 + 5000 = 0

𝐿𝐿1 = 4876
𝐿𝐿2 = 99

�̈𝜃𝜃
�̇𝜃𝜃

= −1 −25
1 0

�̇𝜃𝜃
�𝜃𝜃

+ 1
0 𝜏𝜏 + 4876

99 (𝜃𝜃𝑐𝑐𝑒𝑒𝑚𝑚𝑒𝑒 − �𝜃𝜃)



2nd Order Pendulum Example

• In Matlab:
>>A=[-1 -25;1 0];C=[0  1];
>>eig(A)   
>>L=place(A’,C’,[-50+50j,-50-50j])’
>>eig(A-L*C)
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𝐿𝐿 = 4876
99



2nd Order (Pendulum) Example

• Now lets redesign the system with the 
controller eigenvalues -50±50j and the 
estimator eigenvalues at -10±10j
– In other words swapping the estimator and 

controller eigenvalues
– Results in new gains of:

– Note the estimator is now 5x slower than the 
controller
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𝐵𝐵′ = 99 4975

𝐿𝐿′ = 156 19 𝑇𝑇



2nd Order (Pendulum) Example

• How does the response of our two designs 
differ?
– They won’t differ!
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Im

Re
-10-50

Im

Re
-10-50

Controller Poles
Estimator Poles



2nd Order Pendulum Simulation

• Initialized 𝑥𝑥 = 0
20 and �𝑥𝑥 = 0

0
– Notice the pendulum angle reaches zero exactly the 

same in both scenarios.
– However, notice how much longer the estimator takes to 

reach the actual angle on the design on the right.
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𝐵𝐵 = 19 175
𝐿𝐿 = 4876 99 𝑇𝑇

𝐵𝐵 = 99 4975
𝐿𝐿 = 156 19 𝑇𝑇



• Both designs are dictated by the same dominate 
eigenvalues at -10±10j (which sets the settle time).
– That time to steady state is dictated by the controller 

eigenvalues on the left plot (where the estimator has 
already reached steady state)

– The time to steady state is dictated by the estimator 
eigenvalues on the right plot (where the controller can’t 
reach steady state until the estimator has settled)

• In the reality, one may perform better than the other 
depending on real world effect such as:
– Saturation/Actuator Limits
– Disturbances
– Sensor Noise

30

2nd Order (Pendulum) Example



Adding Integral (Bias Estimation)

• What if we have a sensor with a bias (i.e. a mean error)
– Lets assume the bias is constant (�̇�𝑏 = 0)

• First we have to augment our state model:

– The augmented system will have the same eigenvalues as A plus an 
additional eigenvalue at the origin (a pure integrator from our bias 
model)

– Note that this new system is “un-controllable” (you can’t control the 
sensor bias)

– However the system may be observable if we have the correct 
measurements.
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�̇�𝑥
�̇�𝑏 = 𝐴𝐴 0

0 0
𝑥𝑥
𝑏𝑏 + 𝐵𝐵

0 𝐵𝐵



Adding Integral (Bias Estimation)

• Lets look at the pendulum example with two measurements:
– Unbiased measurement of position (encoder)
– Biased measurement of velocity (tachometer)
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�̈�𝜃
�̇�𝜃
�̇�𝑏

=
−1 −25 0
1 0 0
0 0 0

�̇�𝜃
𝜃𝜃
𝑏𝑏

+
1
0
0
𝜏𝜏

𝑦𝑦 = �̇�𝜃𝑐𝑐
𝜃𝜃𝑐𝑐

= 1 0 1
0 1 0

�̇�𝜃
𝜃𝜃
𝑏𝑏



Adding Integral (Bias Estimation)

• The Observablity Matrix is:

– Note the system is now 3rd order (3 states with the addition of the 
bias

– The observability matrix is rank 3 (i.e. full rank)
• So all three states are observable
• Means we can estimate the tachometer bias with this model

– However there will be cases/scenarios where the sensor bias may 
not be observable

33

𝑂𝑂 =
𝐶𝐶
𝐶𝐶𝐴𝐴
𝐶𝐶𝐴𝐴2

=

1 0 1
0 1 0
−1 −25 0
1 0 0

−24 25 0
−1 −25 0



Comments on Observability

• In general, you need a measurement of the last state (lowest 
derivative) to be observable
– In other words you can’t observe position from a velocity 

measurement
– You can observe velocity from only a position measurement

• To estimate biases, you generally have an unbiased 
measurement of the integral of the biases sensor
– As in our example, we could estimate the tachometer bias with an 

encoder
– In GPS/INS, the accelerometer and gyroscope biases can be 

estimated/observed with GPS position and velocity measurements

34



Comments on Observability (in VD)

• Yaw rate and sideslip are observable from a single yaw gyro
– As long as the car is not neutral steer

• Can estimate gyro bias or steer angle bias (i.e. steering 
misalignment)

• Heading states (yaw rate, sideslip, heading) are observable 
with only a heading (not course) measurement

• Lateral states (yaw rate, sideslip, heading, lateral position) 
are observable with only lateral position measurement

35



Comments on Observability (in VD)

• Recall that GPS measures course (𝑣𝑣 = 𝜓𝜓 + 𝛽𝛽)
– Sideslip, yaw rate and heading are all observable with a yaw rate 

gyro and GPS velocity (course) measurement:

– Sideslip, yaw rate, yaw rate bias, and heading are also all observable 
with a yaw rate gyro and GPS velocity (course) measurement (even if 
the car is neutral steer!):

36

𝑦𝑦 =
𝑑𝑑𝑔𝑔𝑔𝑔𝑔𝑔𝑐𝑐
𝑣𝑣𝐺𝐺𝐺𝐺𝐺𝐺 = 0 1 0

1 0 1

𝛽𝛽
𝑑𝑑
𝜓𝜓

𝑦𝑦 =
𝑑𝑑𝑔𝑔𝑔𝑔𝑔𝑔𝑐𝑐
𝑣𝑣𝐺𝐺𝐺𝐺𝐺𝐺 = 0 1 0 1

1 0 1 0

𝛽𝛽
𝑑𝑑
𝜓𝜓

𝑏𝑏𝑔𝑔𝑔𝑔𝑔𝑔𝑐𝑐



Implementing Estimator in Continuous
• Take our estimator equation:

• Therefore the actual state vector is created by 
integrating the estimator dynamic equation:

�𝑥𝑥 = � �̇𝑥𝑥𝑑𝑑𝑑𝑑

• Which means we have to numerically integrate �̇𝑥𝑥
�𝑥𝑥𝑘𝑘+1 = �𝑥𝑥𝑘𝑘 + ∆𝑑𝑑 × �̇𝑥𝑥𝑘𝑘

• Therefore, I actually never implement a controller in 
continuous domain
– I run all my estimators in discrete domain since it is already 

essentially being done with the numerical integration
37

�̇𝑥𝑥 = 𝐴𝐴�𝑥𝑥 + 𝐵𝐵𝐵𝐵 + 𝐿𝐿(𝑦𝑦 − �𝑦𝑦)



Estimation in Discrete

• State space estimation in discrete is incredibly 
convenient (and essentially the same as continuous)

• Discretize your state space model
>>[Ad,Bd,Cd,Dd]=c2dm(A,B,C,D,dt,’zoh’);

• Convert your desired eigenvalues from continuous to 
discrete:

• The rest is the same
– Solve for discrete control gain matrix to place the 

eigenvalues of (AD-LDCD) at zdes

– Same command in Matlab
>>Ld=place(Ad’,Bd’,Zdes)’

38

𝑧𝑧𝑐𝑐𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒𝑑𝑑𝑑𝑑𝑑𝑑∆𝑒𝑒



Implementing Estimator in Discrete

• Discrete State Space Estimator

• Discrete Estimator Error Dynamics
�𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘+1 − �𝑥𝑥𝑘𝑘+1

�𝑥𝑥𝑘𝑘+1 = {𝐴𝐴𝑐𝑐𝑥𝑥𝑘𝑘 + 𝐵𝐵𝐷𝐷𝐵𝐵𝑘𝑘} − {𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 + 𝐵𝐵𝐷𝐷𝐵𝐵𝑘𝑘 + 𝐿𝐿𝐷𝐷 𝑦𝑦𝑘𝑘 − 𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘 }
�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷𝑥𝑥𝑘𝑘 − 𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 − 𝐿𝐿𝐷𝐷 𝐶𝐶𝐷𝐷𝑥𝑥𝑘𝑘 − 𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘 }
�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷(𝑥𝑥𝑘𝑘−�𝑥𝑥𝑘𝑘) − 𝐿𝐿𝐷𝐷𝐶𝐶𝐷𝐷 𝑥𝑥𝑘𝑘 − �𝑥𝑥𝑘𝑘

�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 − 𝐿𝐿𝐷𝐷𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘 = (𝐴𝐴𝐷𝐷 − 𝐿𝐿𝐷𝐷𝐶𝐶𝐷𝐷) �𝑥𝑥𝑘𝑘
• Discrete Closed Loop Estimator Eigenvalues

𝑒𝑒𝑒𝑒𝑒𝑒(𝐴𝐴𝐷𝐷 − 𝐿𝐿𝐷𝐷𝐶𝐶𝐷𝐷)
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�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 + 𝐵𝐵𝐷𝐷𝐵𝐵𝑘𝑘 + 𝐿𝐿𝐷𝐷(𝑦𝑦𝑘𝑘 − 𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘)



Implementing Estimator in Discrete

• Discrete State Space Estimator

• Sometimes this is broken into 2 steps
1) Time Update (or Model Update)

2) Measurement Update

– These can be run at different “update” rates
• If the inputs and measurements (u & y) come in at 

different rates
40

�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 + 𝐵𝐵𝐷𝐷𝐵𝐵𝑘𝑘 + 𝐿𝐿𝐷𝐷(𝑦𝑦𝑘𝑘 − 𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘)

�𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝐷𝐷 �𝑥𝑥𝑘𝑘 + 𝐵𝐵𝐷𝐷𝐵𝐵𝑘𝑘

�𝑥𝑥𝑘𝑘+1 = �𝑥𝑥𝑘𝑘+1 + 𝐿𝐿𝐷𝐷(𝑦𝑦𝑘𝑘+1 − 𝐶𝐶𝐷𝐷 �𝑥𝑥𝑘𝑘+1)



Simple 1st order example in Discrete

• Lets look at the exact same first order as we did 
previously in continuous:

• First we will determine discrete state model using a 
sample rate of 0.01 seconds using Matlab which 
results in:

• Then we need to find the desired closed loop 
eigenvalue in discrete:

41

𝑧𝑧𝑐𝑐𝑒𝑒𝑒𝑒 = 𝑒𝑒(−50)(0.01) = 0.6065

�̇�𝑥 = −1𝑥𝑥 + 𝐹𝐹

𝑠𝑠𝑐𝑐𝑒𝑒𝑒𝑒 = −50

𝑥𝑥𝑘𝑘+1 = 0.99𝑥𝑥𝑘𝑘 + 0.01𝐹𝐹𝑘𝑘



Simple First Order Example

Given the discrete model and control input:

Solving for the closed loop estimator:

Solving for the closed loop characteristic equation:

Solving for the control gain to place the discrete closed loop eigenvalue 
at 0.9048:

So the state space estimator becomes:

42

det{𝑧𝑧 − 0.99 − 𝐿𝐿𝐷𝐷 } = 0

𝑧𝑧 − 0.99 − 𝐿𝐿𝐷𝐷 = 0

�𝑥𝑥𝑘𝑘+1 = 0.99 �𝑥𝑥𝑘𝑘 + 0.01𝐹𝐹𝑘𝑘

�𝑥𝑥𝑘𝑘+1 = (0.99 − 𝐿𝐿𝐷𝐷) �𝑥𝑥𝑘𝑘

𝑧𝑧𝑐𝑐𝑒𝑒𝑒𝑒 = 0.6065 = (0.99 − 𝐿𝐿𝐷𝐷)
𝐿𝐿𝐷𝐷 = 0.3835

𝑦𝑦𝑘𝑘 = 𝑥𝑥𝑘𝑘

�𝑥𝑥𝑘𝑘+1 = 0.99 �𝑥𝑥𝑘𝑘 + 0.01𝐹𝐹𝑘𝑘 + 0.3835(𝑦𝑦𝑘𝑘 − �𝑥𝑥𝑘𝑘)



Simple 1st order example in Discrete

• In Matlab
>>sdes=-50; dt=0.01;
>>A=-1;B=1;C=1;D=0;
>>[Ad,Cd,Dd,Dd]=c2dm(A,B,C,D,dt,’zoh’);
>>zdes=exp(sdes*dt)
>>Ld=place(Ad’,Cd’,zdes)’

(Discrete implementation)

43

�𝑥𝑥𝑘𝑘+1 = 0.99�𝑥𝑥𝑘𝑘 + 0.01𝐹𝐹𝑘𝑘

𝐿𝐿𝐷𝐷 = 0.3835

�𝑥𝑥𝑘𝑘+1 = �𝑥𝑥𝑘𝑘+1 + 0.3835(𝑦𝑦𝑘𝑘 − 𝐶𝐶 �𝑥𝑥𝑘𝑘)



Equivalent Compensator

• If the system is single input single output 
(SISO) then the state space controller and 
state space estimator can be combined into 
an equivalent (classical) controller:

𝐵𝐵 𝑠𝑠 =
𝐵𝐵(𝑠𝑠)
𝑒𝑒 𝑠𝑠

– For example, the lateral vehicle dynamics 
control problem is a single input (steer angle) 
and a single output (yaw rate, heading, or 
lateral position) depending on the desired 
controlled state 

44



Equivalent Compensator
• If the reference (r) is set to zero then

𝑒𝑒 = 0 − 𝑦𝑦 = −𝑦𝑦
𝐵𝐵 = 𝐵𝐵𝑒𝑒 = −𝐵𝐵𝑦𝑦

• Therefore you can find the equivalent transfer 
function from the output y to the input u:

𝐵𝐵 𝑠𝑠 =
𝐵𝐵(𝑠𝑠)
𝑒𝑒(𝑠𝑠)

= −
𝐵𝐵(𝑠𝑠)
𝑦𝑦(𝑠𝑠)

45

e u+

-

y0 �̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵u
𝑦𝑦 = 𝐶𝐶𝑥𝑥 + 𝐷𝐷u𝐵𝐵 𝑠𝑠 =

𝐵𝐵(𝑠𝑠)
𝑒𝑒 𝑠𝑠



Equivalent Compensator

• Can calculate the equivalent compensator for 
a SISO system in Matlab using:

>>Acomp=A-B*K-L*C
>>Bcomp=L
>>Ccomp=K
>>Dcomp=0
>>[num_k,den_k]=SS2TF(Acomp,Bcomp,Ccomp,Dcomp)

46

𝐵𝐵 𝑠𝑠 =
𝐵𝐵(𝑠𝑠)
𝑒𝑒 𝑠𝑠

= −
𝐵𝐵(𝑠𝑠)
𝑦𝑦(𝑠𝑠)

= 𝐵𝐵{𝑠𝑠𝑠𝑠 − (𝐴𝐴 − 𝐵𝐵𝐵𝐵 − 𝐿𝐿𝐶𝐶)}−1𝐿𝐿



First Order Example

• A=-1, B=1, C=1, D=0
• K=-9, L=-49
• Closed Loop Eigenvalues: -10, -50

• 𝐵𝐵 𝑠𝑠 = 441
𝑒𝑒+59

• The state space controller was a 
proportional controller plus a low pass filter
– We know the controller had an extra pole 

because the overall system went from having 
one pole to two closed loop poles with the state 
space controller and state space estimator
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Pendulum Example

• A=-1, B=1, C=1, D=0
• K=[19   175],    L=[4876    99]   
• Closed Loop Eigenvalues: -10±10j, -50±50j

• 𝐵𝐵 𝑠𝑠 = 109969(𝑒𝑒+7.489)
𝑒𝑒2+119𝑒𝑒+7056

• The state space controller results in a PD 
controller with a 2nd order low pass filter
– Or a lead controller with an extra pole. 
– Again, we know the state space controller and 

state space estimator added two poles to the 
original pendulum system
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Additional Comment on Estimators

• Most of this lecture focused on using an estimator to 
generate the states used control (for full state 
feedback)

• However estimators can be very useful without 
control (i.e. the input doesn’t have to be an input 
from a controller)
– Estimate vehicle sideslip

• Input is the drivers steer angle
– Estimate vehicle position, velocity, attitude

• Note that model error will corrupt (bias) the estimates
– Even the states that are directly measured

• Model error can make the estimate worse than the measurement
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